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EVALUATION OF THE SUITABILITY OF THE BLADED
DISK DESIGN REGARDING THE DANGER

OF THE RESONANT VIBRATION EXCITATION

Pavel Polach*

A suitability of the bladed disk design regarding the possibility of the resonant vibra-
tion excitation can be assessed on the basis of several approaches. Most information
concerning the evaluation of the bladed disk design suitability is provided in the
SAFE diagram but the possibility of exciting the action wheel resonant vibration can
also be evaluated from the Campbell diagram. Further criterion is the assessment of
the design suitability on the basis of a critical speed of the bladed disk. It especially
causes breakdowns of relatively flexible disks. The suitability of the bladed disk with
the blades of the ZN340-2 type was evaluated.
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1. Introduction

The suitability of the design of the steam turbine bladed disk from the point of view of
the possibility of a resonant vibration excitation can be evaluated on the basis of several
approaches. Knowledge of the bladed disk natural vibration characteristics, i.e. its natural
frequencies and mode shapes, is the precondition of applying those approaches. Most infor-
mation for the evaluation of the suitability of the bladed disk design can be found in the
SAFE diagram (e.g. [1], [2] and [3]) but the possibility of exciting the bladed disk resonant
vibration can also be evaluated from the Campbell diagram. Further criterion is the assess-
ment of the design suitability on the basis of a critical speed of the bladed disk, which is
especially the cause of breakdowns of relatively flexible disks [4].

In this case the suitability of design of the bladed disk with 66 moving blades of the
ZN340-2 type [5] (Fig. 1) coupled with the continuous binding formed by the integral shroud-
ing and by the tie-boss connection in the middle of the blade is evaluated. At this structural
design of the moving blades the creation of connection (‘locking’) of adjoining blades in the
zone of shrouding and in the tie-boss zone occurs at the definite revolutions of the bladed
disk. Blades are continuously coupled by the blades untwist due to the centrifugal forces
acting. The advantage of the structural design is that the moving blades do not include
structural notches, which can be holes for continuous wire or pins [6], [7], rivets in the com-
mon integral shrouding etc. when the continuous binding is used.

Natural frequencies and mode shapes of the bladed disk with the blades of the ZN340-2
type were calculated on several virtual models [5], [8] by means of the method using the
rotational periodicity of the system (e.g. [9]).
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182 Polach P.: Evaluation of the Suitability of the Bladed Disk Design Regarding

2. SAFE diagrams

Theoretical knowledge for generating the SAFE diagrams and their importance for eval-
uating the suitability of the design of rotating machines bladed disks is taken especially
from [1], [2] and [3].

The acting of a time variable force is a precondition for exciting the resonant vibration
of any structure. In the case of steam turbines bladed disks the resonant vibration can be
caused by a non-uniform steam pressure on the circumference of the bladed disk, by the disk
dynamic imbalance, by a bending vibration of a rotor and by any time variable force acting
on a moving blade or a rotating action wheel. A non-uniform distribution of the steam
pressure on the circumference of the bladed disk is extremely dangerous. It is caused by the
steam partial inlet through nozzles (steam pressure acts on the moving blade only in the
certain part of the bladed disk circumference and furthermore the pressure between adjacent
nozzles decreases nearly to zero) or at a full admission by the decrease in the steam pressure
in the places of stator blades (if the number of stator and moving blades is commensurable
number, the exciting force acting on the bladed disk is represented by a periodic force,
the frequency of which in one rotor revolution equals just the common divisor). From the
experience in the steam turbines operation the periodicity of exciting forces acting on the
steam turbine action wheel is dependent on the rotor speed frequency and its multiples.

Fig.1: Bladed disk with blades of the ZN340-2 type

At the non-uniform distribution of the steam pressure on the circumference of the bladed
disk a dynamic force is acting on each blade of the rotating action wheel. The moving blade
dynamic response level is dependent on :

1. the natural frequencies of the bladed disk and their associated mode shapes,

2. the frequency, the shape and the magnitude of the exciting dynamic force, which is
dependent on the turbine speed and on the number and location of the stator blades
(or on the number of steam flow interruptions),
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3. the energy dissipation – i.e. on damping properties of the material, of which the
moving blades are made, on frictional forces acting in the places of assembly, on aero-
dynamic damping from steam etc. (the influence of those factors cannot be evaluated
in a qualified way on the basis of the calculations not supported by experimental
measurements).

A turbine bladed disk may get into a state of vibration where the energy built up is
a maximum. This is exemplified by maxima in its response and minima in its resistance to
the exciting force. The condition is called a state of ‘resonance’.

In order to excite the resonant vibration of any construction two conditions must be
fulfilled (they are derived in [1] from the relation for the positive work, i.e. work done by
exciting forces acting on the moving blade) :

1. frequency of the exciting force (so called ‘nozzle passing frequency’) must equal the
natural frequency of the structure,

2. the exciting force profile must be identical with the associated mode shape of vibration
(according to [1] the harmonic multiple of the exciting force must equal the number
of nodal diameters for the rotating machine action wheel).

If both conditions are not fulfilled at the same time a resonant state does not occur.

Forces acting on the moving blade are dependent on its relative position regarding the
stator blades (nozzles) in one complete rotor revolution. On the basis of steady-state con-
ditions of rotation the periodic forces also repeat in successive rotor revolutions. The time
dependent periodic forces may be composed of any harmonics. The frequencies of those har-
monics are integer multiples of the angular speed of the turbine and at the same time they are
dependent on the number of stator blades (or on the number of steam flow interruptions) :

F = F0 + F1 sin (ωb t+ ϕ1) + F2 sin (2ωb t+ ϕ2) + . . . , (1)

where ωb is the angular frequency of dynamic forces, t is the time, F0, F1, . . . are constant
vectors and ϕ1, ϕ2, . . . are angles of phase difference.

Angular frequency ωb of dynamic forces acting on the moving blades can be expressed
by the relation

ωb =
nΩMS

60
[rad s−1] , (2)

where MS is the number of the stator blades (or the number of steam flow interruptions)
and nΩ is the turbine rotor speed (in rpm).

The most often used way of the evaluation of the suitability (from the point of view of
the possibility of a resonant vibration excitation) of the steam turbine bladed disk design is
the Campbell diagram (bladed disk natural frequencies in dependence on the rotor speed are
plotted there, e.g. [4]). But the Campbell diagram does not show any pieces of information
important for the analysis of the possibility of moving blades’ damage. The example (taken
from [2] and [3]) of the Campbell diagram with designated ‘possible’ (states, during which
the natural frequency of the bladed disk is identical with the frequency of exciting force – i.e.
the fulfilling of only the first condition for the excitation of the resonant vibration) and ‘prob-
able’ (states, in which the first condition is fulfilled for exciting the resonant vibration and
the second condition is fulfilled in a ‘probable way’ – i.e. the shape of the exciting force from
the multiple of the speed frequency can be of an identical shape as the mode shape associ-
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Fig.2: Campbell diagram of the bladed disk with blades connected
with the continuous binding (example taken from [2], [3])

Fig.3: ‘Probable’ and real resonances of the
action wheel plotted in the ‘SAFE
plane’ (example taken from [2], [3])

ated to the corresponding natural frequency; the
curve connecting B points is called an ‘impulse
line’ or a ‘speed line’) resonances of the steam
turbine action wheel (for the steam inlet through
15 nozzles into the bladed disk with the blades
connected with the continuous binding) is shown
in Fig. 2. Utilising the Campbell diagram it is
only possible to determine the states of ‘possible’
(in Fig. 2 points A ‘no resonance’; in [2] indicated
as ‘probable resonance’) resonances and ‘proba-
ble’ (in Fig. 2 points B ‘probable resonance’; in [2]
specified as ‘possible resonance’) resonances, not
the states of ‘real’ resonances [2]. Therefore, in
compliance with the methodology of the Dresser-
Rand Company, a more suitable SAFE (Singh’s
Advanced Frequency Evaluation) diagram is used
for the analysis of the possibility of damaging the
moving blades by the resonant vibration excita-
tion (e.g. [1], [2] and [3]; see Fig. 4).

The SAFE diagram is three-dimensional. One
projection plane of the SAFE diagram is the
Campbell diagram, the second projection plane
is the ‘SAFE plane’, in which the frequencies in
dependence on the number of nodal diameters of
the bladed disk are plotted (see Fig. 3).
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As stated before, knowledge of the frequencies and shapes of exciting forces for the iden-
tification of the real resonances of the bladed disk is necessary. The frequency of the exciting
forces is given by the number of stator blades (nozzles) and by the turbine rotor speed, the
exciting force shape is given by the number of stator blades (nozzles) [2]. The example
(taken from [2]) of the identified real resonance and plotting the ‘probable’ resonances (i.e.
B points) from the Campbell diagram in Fig. 2 into the ‘SAFE plane’ is given in Fig. 3.

The evaluation of the possibility of resonant vibration excitation is rather more compli-
cated in the case, in which the moving blades are connected with a shroud into packets.
Mode shapes of the packeted bladed disk can be generally expressed using the Fourier de-
composition of the displacement of each blade

βU =
∑
L

AL sin (L βω + ϕL) (3)

where β is the number of nodal diameters of the action wheel, βω is the angular natural
frequency of the action wheel at β nodal diameters (e.g. [9]), AL is the constant vector,
ϕL is the angle of a phase difference, L = i n ± β and i = 0, 1, 2, . . . (n is the number of
blades packets in the action wheel – in the case of the continuous binding n = 0 must be
considered) and at the same time L must comply with the condition 0 ≤ L ≤ M/2 (in the
case of an odd number of moving blades 0 ≤ L ≤ (M − 1)/2; M is the total number of
moving blades).

Fig.4: The SAFE diagram of the bladed disk with blades of the ZN340-2 type
(results from the computational model with the ‘rigid’ binding [5])

An interference diagram is a graphic aid for the interpretation of relation (3), which
provides information on possible terms of the Fourier series. In a horizontal axis there is
plotted harmonic content and in a vertical axis a number of nodal diameters of the action
wheel. The diagrams are constructed by drawing ±45 degree lines emanating from each
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integer multiple of the number of blades packets in the action wheel. Fig. 5 shows the
example (inspired by [2]), in which the action wheel with 32 free blades or 32 blades coupled
with continuous binding (Fig. 5a) or the action wheel with 32 blades in 8 packets – each of
4 blades – (Fig. 5b) are considered. Interference diagrams provide the following important
pieces of information :

1. When the 45 degree lines cross each other and have the same horizontal and vertical
designation, the mode with the proper number of nodal diameters will split, i.e. will
have some mode designation but have two different natural frequencies.

2. In the interference diagrams the harmonic index of any mode shape is indicated. In
the case of moving blades with a continuous binding each mode shape contains only
one harmonic content while in the case of the moving blades packets one mode shape
has more harmonic contents (the example for 8 packets, the 15 nodal diameter mode
shape respond to the 15th, 9th, 7th and 1st harmonics of exciting force but with
different magnitude – see Fig. 5b).

Fig.5: Example of interference diagrams : a) bladed disk with 32 free
blades or 32 blades connected with continuous binding, b) bladed
disk with 32 blades in 8 packets, each with 4 blades

Natural frequencies and mode shapes of the action wheel are influenced by the number
of nodal diameters, which manifest in vibration of moving blades in out-of-phase. The series
of bladed disk natural frequencies which have identical mode shape from the point of view
of one moving blade and differ in the number of nodal diameters from the point of view of
the bladed disk is called ‘family’ (the series of associated mode shapes is called ‘family of
modes’) – see Fig. 4.

The maximum number of mode shapes (number of nodal diameters) plotted on an inter-
ference diagram for M moving blades in the disk is M/2 (or (M − 1)/2, when M is odd).
In [2] there is examined the problem if the higher order of harmonic(s) than M/2 of an
exciting force can excite modes of lower harmonic(s) content. On the basis of the problem
analysis it is concluded in [2] that the mode shape of the action wheel with β nodal dia-
meters can be excited by a force (see relation (1)) of the shape of cos(β ω), cos[(M − β)ω],
cos[(M + β)ω], cos[(2M − β)ω], cos[(2M + β)ω] etc. It means that the mode shape with
β nodal diameters can be excited by a force having cos(Lω) shape where L = iM ± β;
i = 0, 1, 2, . . . ,M (note : M is the total number of moving blades).
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On the basis of [1], [2] and [3] dealing with the theoretical bases, with the creation and
the importance of the SAFE diagrams (in compliance with the methodology used in the
company of Dresser-Rand) it can be confirmed that the SAFE diagrams are beneficial for
the evaluation of the suitability of designs of action wheels of rotating machines from the
point of view of identification of the ‘probable’ and the real resonant states. But the ap-
proach to the evaluation of resonant states (‘probable’ or real?) in the cases, in which the
exciting force shape corresponds to the multiple of the rotor speed frequency (according
to [1] real, according to [3] ‘probable’, in [2] both possibilities are mentioned) is not fully
evident from [1], [2] and [3]. In [1], [2] and [3] the information capacity of the Campbell
diagrams is (probably on purpose) underestimated too much.

In the action wheel the ZN340-2 moving blades are coupled with the continuous binding
formed by a shrouding and a tie-boss (or under the rotor lower speed the blades are free or
they are coupled only by a shrouding [5]), intrapacket mode shapes then do not exist. That
is why the harmonic contents do not develop in the SAFE diagrams (in this case harmonic
contents are of the same meaning as nodal diameters of the action wheel; see Fig. 5a). Rotor
operating speed is 3000 rpm (i.e. 50Hz). Steam inlet on the action wheel is performed by
a guide wheel with 48 stator blades (i.e. exciting forces frequencies are multiples of 48),
it means that the first multiple of the frequency of exciting forces 2400Hz (‘nozzle passing
frequency’) excited by the steam inlet is considerably above the upper limit of the monitored
natural frequencies (350Hz – see Chapter 3) at operating speed. Thus the SAFE diagrams
do not have more important information capability for the bladed disk with blades of the
ZN340-2 type than the classical Campbell diagrams. But the parallel presentation of results
in the Campbell diagram and the ‘SAFE plane’ is more transparent for the evaluation of
the possibility of the excitation of the action wheel resonant vibration.

3. Evaluation on the basis of the operating speed

In practice the suitability of the design of the steam turbine action wheel from the point
of view of the possibility of the resonant vibration excitation is sometimes evaluated only on
the basis of comparing the natural frequencies of the action wheel and the multiples of the
rotor speed frequency at the operating speed. It is verified if the natural frequencies of the
action wheel are identical with lower multiples (up to the septuple) of the speed frequency
(in the case of the bladed disk with the blades of the ZN340-2 type multiples by 50, it
means the frequencies up to 350Hz are checked) at the operating speed. The rule that at
the operating speed the natural frequencies should be at least by 5 % lower or higher than
the multiples of the speed frequency is applied.

In the case of free blades and a relatively rigid disk the nodal diameters do not influence
the natural frequencies and mode shapes at all. It means that the SAFE diagram creation
is useless and the Campbell diagram is sufficient for the evaluation of the suitability of
the action wheel design (from the point of view of the possibility of a resonant vibration
excitation). In the case of the bladed disk with the blades connected with the continuous
binding all the ‘probable’ resonant frequencies, i.e. states, in which exciting forces from
multiples of speed frequency can be of the same shape as the mode shapes associated to
the corresponding natural frequencies not fulfilling the rule of ‘five percent’, are considered
dangerous.
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4. Critical speed of the bladed disk

Experience in the steam turbines operation shows that only bending mode shapes with-
out nodal circles (e.g. [4], [5] and [11]) are the source of failures of the disk itself. At the
bladed disk vibration at standstill the nodal diameters are motionless regarding the disk.
In a simplified way, the relation for the j-th bending mode shape of the bladed disk can
be written in the form (this simplification does not have any influence on the deduced con-
clusions at all, it concerns only the function determining the mode shape amplitude along
radius X(r), which does not take into account the possibility of moving blade vibrations
also in tangential direction)

z = X(r) sin(β ϕ) cos (ωj t) , (4)

where ϕ is the angle of a phase difference and ωj is j-th angular natural frequency.

Relation (4) can be modified, using the theorem on the sum and difference of sinus of two
angles, into the form (for β �= 0 – from experience the mode shape without nodal diameters
is not dangerous for the disk damage)

z =
1
2
X(r) sin

[
β

(
ϕ+

ωj

β
t

)]
+

1
2
X(r) sin

[
β

(
ϕ− ωj

β
t

)]
. (5)

The first term in the relation (5) is the expression for forward propagating wave and the
second one is the expression for backward propagating wave (see e.g. [10]). Those waves will
circulate at the angular frequency ωj/β around the rotation axis of the bladed disk. The
amplitude of waves equals the half of the mode shape amplitude X(r).

At rotating the bladed disk a centrifugal force is acting radially from the centre towards
the circumference. These force increases stiffness of the bladed disk and thus the values of
its natural frequencies are increased as well. The j-th natural frequency of the bladed disk
at nΩ rpm can be expressed by the relation

fdj
=

√( ωj

2 π

)2

+B n2
Ω , (6)

where B is the coefficient dependent on geometric dimensions of a disk and moving blades
and on the number of nodal diameters β. Now the considered waves will circulate around
the bladed disk at angle speed 2π fdj

/β (regarding the bladed disk), i.e. the number of the
wave revolutions is fdj/β per second. Regarding the non-rotating coordinate system the
number of revolutions (per second) of the forward propagating wave is

n+j =
fdj

β
+ nΩ (7)

and of the backward propagating wave

n−j =
fdj

β
− nΩ . (8)

The considered forward and backward propagating waves are formed by a sinusoid with
β periods. Vibration frequency regarding the non-rotating coordinate system is a β-multiple
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of the number of the waves revolutions (per second), i.e. the frequency of the forward pro-
pagating wave is

f+j = β n+j = fdj + β nΩ (9)

and the backward propagating wave is

f−j = β n−j = fdj
− β nΩ . (10)

In practice it was verified that the resonant vibration of the disk can be excited at acting
the force which is of the same frequency as the forward or the backward propagating wave.
The most dangerous is the case in which the backward propagating wave is motionless in a
space

f−j = 0 , (11)

because in order to excite and keep the resonant vibration of this type it is sufficient to act
on the bladed disk with the force of a zero frequency, it means with the constant force.

This case is characterized with a so called disk critical speed. The relation for their
calculation can be obtained by substituting the expression for the motionless backward
propagating wave (11) into the relation (10), which expresses the frequency of the backward
propagating wave

nΩ =
fdj

β
. (12)

It is known from practice that for the turbine operation it is important that the operating
speed should not be the bladed disk critical speed for two up to six nodal diameters at
bending vibration without nodal circles (at two nodal diameters the difference between the
operating and the critical speed should be at least 15%, at three or four nodal diameters
at least 10% and at five or six ones at least 5% [4]). At vibrating with a larger number of
nodal diameters the intensity of exciting forces is not sufficient for keeping the amplitude
causing the disk failure and the critical speed for vibrating with one nodal diameter does
not exist at steam turbines bladed disks (at steam turbines bladed disks the coefficient B
is always higher than 1 and after substituting relation (12) for the calculation of a critical
speed for β = 1 into (6) a real solution does not exist).

5. Conclusion

On the basis of the evaluation of one (the most conservative) of the calculation models’
results [5] it was possible to conclude that at operating speed the bladed disk with blades
of the ZN340-2 type with the continuous binding formed by a shrouding and a tie-boss is,
from the dynamic point of view, on the boundary of the endangering by the exciting of the
resonant vibration in the mode shape with five nodal diameters, which is associated to the
second natural frequency. But from the point of view of an unknown intensity of exciting
forces it was not possible to determine in a qualified way if in the case of the natural
mode shape with five nodal diameters, which corresponds to the second natural frequency,
the ‘probable’ (‘probable resonance’ or ‘possible resonance’) or the real (‘real resonance’)
resonant state was concerned.

The bladed disk critical speed with the blades of the ZN340-2 type was only investigated
due to research reasons. As it has been stated the critical speed of the bladed disk is mostly
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the cause of failures of relatively flexible disks, which does not threaten at the relatively
stiff bladed disk with the blades of the ZN340-2 type. Moreover, from the calculated critical
speed (given in [5]) it is evident that the operating speed is not the critical speed of the
bladed disk.

When using the computational models in solving individual problems of technical practice
it is always necessary to realize that the calculation results only describe behaviour of the
created virtual models, not of real structures. From the point of view of the verification of the
suitability of the approach towards the computational models creation and from the point
of view of acquiring new pieces of knowledge for further development of a computational
modelling in the field of steam turbines bladed disks with the continuous binding it is
necessary to verify the computational models on the basis of results acquired by means of
experimental measurements’ evaluation. The measurements were performed in 2008 [12].
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