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A COMPARISON OF S-N CURVES OF UNIAXIAL
AND COMBINED RANDOM LOADING

Jaroslav Svoboda, Miroslav Balda*

The paper deals with results of special fatigue life tests. Random processes of dif-
ferent power spectral densities loaded tube specimens made of a mild carbon steel
ČSN 411523.1 (11523.1), notched by a perpendicular hole. It has been found that
fatigue lives build similar S-N curves like by harmonic loadings, when the standard
deviation ŝd of peaks of an effective damaging stress and number of loading blocks
Nb are used instead of amplitudes σa and number of cycles Na, respectively. S-N
curves of uniaxial and multiaxial loading are compared in the paper.
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1. Introduction

The article is a substantially extended and re-worked contribution of the authors pre-
sented at the colloquium of the Institute of Thermomechanics of the Academy of Sciences
of the Czech Republic [2] and provides information about the current state of the issue of
combined random loading solution.

At the Applied and Computational Mechanics Conference in the year 2009 [1], we dealt
with the issue of possible utilization of random process spectral properties for the calcula-
tion of life under multiaxial loading. It resulted from experimental works performed on tube
specimens of 11523.1 steel subjected to a combination of random tension-pressure and tor-
sion loading that, analogous to harmonic loading, the S-N curves can also be constructed for
random loading if we substitute damaging stress standard deviation sd for stress amplitude
σa and a number of loading blocks Nb for a number of cycles Na. It has been found that
the resulting life Nb under combined loading does not depend on the sequence of individual
partial process loading levels but only on their magnitudes, represented by standard devia-
tions sσ and sτ . In order to find out how these S-N curves will differ in the case of single
loading methods, we extended the obtained results by some other works, which are included
in this contribution.

2. Experimental works and their results

The experimental works were carried out using tube specimens of the same shape with
a diameter of 30mm and wall thickness of 2mm (see Fig. 1). The specimen material, 11523.1
steel, was also the same as well as a single-sided through-thickness hole with a diameter
of 3mm, which by its notch effect delimited the place for monitoring the fatigue crack
propagation.

* Ing. J. Svoboda, prof. Ing. M.Balda,DrSc., Institute of Thermomechancs of the Academy of Science of
the CR, Material Diagnostics Centre, Veleslav́ınova 11, 301 14 Plzeň
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A total number of 12 test specimens was tested by means of the following loading
methods :

– specimens Nos. 16, 17 and 18 – random tension-pressure with a decreasing shape of
power spectral density (PSD),

– specimens Nos. 19, 20 and 21 – random torsion with a pyramidal PSD shape,
– specimens Nos. 22, 23 and 24 – random tension-pressure with a pyramidal PSD shape,
– specimens Nos. 25, 26 and 27 – random torsion with a decreasing PSD shape.

As we were monitoring the effect of spectral properties on life during the tests, the loading
processes of individual groups of specimens were generated analogously to combined loading
so that the PSD shape of each of the group of the specimens could remain the same.

Fig.1: Test specimens shape

For the purpose of mutual comparison, we focused on the same PSD shapes, namely
the decreasing and the pyramidal ones. The only difference was the magnitude of these
processes characterized by the standard deviation sd of effective damaging stress σd or its
peaks.

Fig.2: The applied power spectral density shapes

Let us define damaging effective stress for the damaging effect of both components sσ

and sτ of the combined loading (normal and shear) in complex form

σd(t) = σ(t) + i kc τ(t) (1)

where kc = σc/τc is a ratio of fatigue limits in tension-pressure and torsion respectively.

Then it applies for the damaging stress dispersion that

s2d = s2σ + k2
c s

2
τ . (2)
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In our case of single loading we get

– for tension-pressure (sτ = 0)
sd = sτ , (3)

– for torsion (sσ = 0)
sd = kc sτ = 1.5 sτ , (4)

as we have experimentally found out that kc = σ∗
c/τ

∗
c = 120/80 = 1.5 .

The Tab. 1 shows the lives Nb for individual groups of specimens. The values sd corres-
pond to standard deviations of process damaging stress, the values ŝd to their peak values.

If we compare the lives corresponding to approximately identical magnitudes sd sepa-
rately for the case of tension-pressure loading, then we can find that the obtained lives for
decreasing and pyramidal PSD shapes do not almost differ for the random tension-pressure.
For the case of torsion, the difference in PSD shape was only observed in specimens Nos. 20
and 26, less in specimens Nos. 19 and 25. The pyramidal shape proved to be a little more
aggressive particularly in the first two specimens. However, the influence of damaging stress
level sd on life is unequivocal which could be anticipated.

Specimen No. ŝd [MPa] sd [MPa] Life Nb Loading method
16 118.94 100.57 15.3
17 98.86 84.43 24.69 Random tension-pressure, decreasing PSD
18 79.1 69.32 103.99
19 116.68 99.12 12.45
20 104.13 83.50 30.44 Random torsion, pyramidal PSD
21 93.81 70.50 127.50
22 111.32 88.66 15.29
23 82.14 64.99 117.13 Random tension-pressure, pyramidal PSD
24 82.92 65.81 91.36
25 116.28 112.53 9.23
26 98.12 79.41 61.33 Random torsion, decreasing PSD
27 61.76 51.35 ?930

Tab.1: The influence of PSD shape on life under single loading

For the purpose of comparison, we plotted the S-N curve for peak values of combined
stress together with the S-N curve for the peak values of single loading in Fig. 3. All the values
indicated in Tab. 1 regardless of the PSD shape and the types of loading were included in the
set. The regression curve is passing through these points. This curve for the single stresses
lies somewhat lower than the regression curve for the combined loading as it is evident from
the Fig. 3. Both the curves can be considered as parallel. The loading processes are coded in
the figure legends. The letters F and M correspond to force and moment respectively, K to
decreasing PSD, P to pyramidal one and 0 to zero. In heading, ‘T’ means tube, ‘115231’
material, and ‘V’ notched specimens.

The right-hand curve corresponds to the random combined torsional and axial loading
with the decreasing and the pyramidal PSD shapes (10 points correspond to the decreasing
PSD shape for tension-pressure and to the pyramidal shape for torsion; the PSD shapes
were interchanged for other 5 points).

The other curve corresponds to independently acting random loadings in tension-pressure
or torsion, with decreasing and pyramidal PSD shapes (3 points correspond to tension-
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Fig.3: Comparison of S-N curves for peak values
of combined and single random loading

pressure with the decreasing PSD shape, 3 points with the pyramidal shape, and similarly
for the torsion).

The regression curves can be expressed in a logarithmic form as follows :

– curve No. 1 for combined random loadings

logNb = 13.4194− 5.6022 log ŝd , (5)

– curve No. 2 for single random loadings

logNb = 12.7553− 5.6022 log ŝd . (6)

The regression curves related to the process damaging stress standard deviations sd of
the same types of loading are plotted in Fig. 4. The formulae of regression curves slightly
differ in this case :

– curve No. 1 for combined random loadings

logNb = 12.8507− 5.5500 log sd , (7)

– curve No. 2 for single random loadings

logNb = 12.1965− 5.5500 log sd . (8)

Both the curves in Figs. 3 and 4 are parallels where the curve for single loading is displaced
lower into the areas of lower lives Nb in comparison with the curve for combined random
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loading. In the case the standard deviation is related to the process damaging stress, this
displacement is smaller as evident in Fig. 4.

The equations of displaced regression curves (5), (6) and (7), (8) differ from each other
only in the first member usually designated with a letter A which determines the curve
position in the system of coordinates while the other constant corresponding to exponent w
for the fatigue curve for harmonic loading determines the incline of the regression curves. As
the shape of regression curves (S-N curves), as found out, does not particularly influence the
PSD shape but only a so called magnitude of the applied loading processes characterized by
a damaging stress standard deviation sd, it is possible to determine the dependence between
constants A in equations (9) and (10) and to find a dependence for recalculation of both
types of random loading.

Fig.4: Comparison of S-N curves of combined and single random loading processes

If we write both the equations in general form, we get:

– for the curve No. 1
logNb1 = A1 − w log sd1 , (9)

– for the curve No. 2
logNb2 = A2 − w log sd2 . (10)

For the same number of blocks Nb, it is possible to get a relation for the difference of
constants A1, A2 from the equality of the equation right-hand sides in the form

A1 −A2 = w (log sd1 − log sd2) . (11)

The difference of these constants is proportional to the difference of logarithms of da-
maging stress standard deviation sd of combined and uniaxial loading processes under the



206 Svoboda J. et al.: A Comparison of S-N Curves of Uniaxial and Combined Random Loading

same fatigue lives. Equation (11) can serve for the evaluation of the exponent w, if all other
parameters be known.

The parallelism of regression curves for combined and uniaxial stresses in Figs. 3 and 4
was experimentally acknowledged for the case of the same damage of partial processes of
normal and shear stress components in equation (2). General validity for various ratios of
these components damage will have to be experimentally verified. It can be assumed that in
case of differently damaging partial processes the new S-N curves will lie between the curves
in Fig. 3, in some case 4.

3. Amount of supplied energy

It is generally known that there is a relation between the amount of energy supplied by
a given process of loading and the extent of damage of a component subjected to dynamical
loading. If the area below the PSD curve indicates the size of supplied power P in a given
frequency range of one loading block the time duration of which is Tb, then the amount of
supplied energy in this block can be expresses with the below equation

Wi = P Tb = s2d Tb , (12)

where s2d is the damaging stress dispersion which can be determined from equation (2). It
holds generally.

A frequency range f = 0÷ 10Hz and time duration of one loading block Tb = 5minutes,
i.e. 300 s, was chosen in the case of our specimens subjected to testing.

The total supplied energy for each of the specimens subjected to cyclic loading was

W =
∑

Wi = s2d TbNb , (13)

where Nb is the total life of a given specimen in the number of loading blocks to fracture.

The dependence between the resulting process magnitude related to the damaging stress
loading is indicated by regression curves equations (7) and (8). However, we will be interested
in the energy criterion, whether and how the amount of supplied energy will be of use in
the case of multiaxial and uniaxial stresses. In order to get for both the monitored types of
stress a dependence of the amount of supplied energy W on the number of loading blocks
Nb, let us take the logarithm of the equation (13). We will get

logW = 2 log sd + logTb + logNb . (14)

Hence
log sd =

1
2

[logW − logTb − logNb] . (15)

If we substitute log sd in the equations (7) and (8), and if we substitute our block duration
of 300 s into Tb, we will get the following two equations for the amount of supplied energy :

– for combined random loading

logW1 = 7.108 + 0.6396 logNb1 , (16)

– for single random loading

logW2 = 6.872 + 0.6396 logNb2 . (17)
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By taking the antilogarithm we can get the sought equations for the amount of supplied
energy in exponential form

W1 = 1.28233×107N0.6396
b1 (18)

and
W2 = 0.74473×107N0.6396

b2 . (19)

These dependences are shown in Fig. 5. It is apparent from the figure that to achieve the
same life it is needed to supply a higher amount of energy in the case of combined loading
(see the curve 1) than in the case of single random loading (uniaxial tension-pressure, or
torsion). The difference is rising up with the stress level reduction.

Fig.5: Dependence of life Nb on the amount of supplied energy W
(1 . . . combined loading, 2 . . . single loading)

The relation for increase of difference in these energies in dependence on the number
of loading blocks Nb can be derived from the difference of equations (18) and (19). The
dependence is exponential

ΔW = 0.53717N0.6396
b . (20)

This dependence applies for our case when we compared the supplied energies W under
single and combined loadings with the same damaging effect of individual components. In
the case these damaging effects will differ, the constants in equation (20) will obviously be
different, too.

4. Crack propagation under single and combined loading

We were monitoring the crack propagation in selected test specimens under single and
combined methods of random loading. The characteristic course of propagation of fatigue
cracks coming out of the cross-hole of tube specimens subjected to tension-pressure and
torsion is apparent in Figs. 6–9. Fig. 6 shows typical crack propagation in a tube specimen
subjected to combine random tension-pressure/torsion loading with a decreasing (tension-
pressure) and pyramidal (torsion) PSD shapes. The cracks propagate under an angle of
app. 30◦ uniformly in all four quadrants independently on the intensity of damaging stress
standard deviation sd. Fig. 7 shows the crack propagation in the case of the same loading
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method with an inverse PSD shape. The propagation is now different and proceeds in
two opposite quadrants only. It also depends on the size of damaging stress standard de-
viation sd. The torsion effect decreases with the decreasing value and the propagation
approximates to the course under a single tension-pressure. Fig. 8 and 9 show the courses
of fatigue crack propagation for a single random tension-pressure and torsion. The cracks
run classically perpendicularly to the direction of the principal normal stress in the case of
tension-pressure and under an angle of 45◦ in the case of torsion.

Fig.6: Crack propagation under combined ran-
dom tension-pressure/torsion loading
(decreasing and pyramidal PSD)

Fig.7: Crack propagation under combined ran-
dom tension-pressure/torsion loading
(pyramidal and decreasing PSD)

Fig.8: Crack propagation under single ran-
dom tension-pressure loading (specimen
No. 18 – see Tab. 1)

Fig.9: Crack propagation under single random
torsion (specimen No. 21 – see Tab. 1)

In order to achieve fatigue fracture of testing specimens, we need to supply a certain
amount of energy W that can be expressed by an equation (13). In this equation, s2d means
a damaging stress dispersion which can be calculated from equation (2), Tb value means the
time duration of the loading block Nbi which represents a given random loading process and
Nb a total life in the number of loading blocks until fracture. This energy is consumed for
specimen material deterioration in its microstructure, and on specimen deterioration in the
area of long cracks propagation. The long crack propagation can be described by fracture
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mechanics in the case of one main crack propagating with a certain growth rate. However,
the cracks under combined random loading can have a different character round the notch as
we can see in our case of the tubular specimen with a cross-hole. The deterioration process
is usually such that initially, the first crack initiates in the weakest or the most stressed place
and starts to propagate. Other cracks one by one follow and the life is then determined not
only by the length of one crack but by a set of all arisen cracks which change the toughness
of a given place. Let us have a look in this manner at our four specimens and write the
needed parameters for them in Tab. 2.

Specimen sd [MPa] s2
d

Number of loading blocks Energy Wi in Total energy W

in Fig. No. micro propagation total 1 loading block until fracture

6 99.77 9953.7 30 25.43 55.43 2986110 1.6552×108

7 95.92 9200.6 38 32.85 70.25 2760180 1.9390×108

8 69.32 4805.3 40 63.99 103.99 1441590 1.4991×108

9 70.50 4970.3 76 51.5 127.5 1491090 1.9011×108

Tab.2 Parameters of the above four tube specimens

The total energy W until fracture as indicated in the Tab. 2 gives rise to deterioration
of specimens both in the microstructure area and in the area of long fatigue crack propa-
gation indicated in Figs. 6–9. The equation (13) was used to calculate this energy, and the
equation (2) to calculate dispersion s2d of damaging stress. The table also shows experi-
mentally determined lives expressed in a number of loading blocks Nb, both in the material
microstructure until the rise of a so called technical crack and during its propagating, which
we are going to focus on now.

First, it should be stated that random loading of tube specimens was carried out under
soft loading with a controlled force and moment. All the loading blocks Nbi remained the
same in individual specimens for the whole time of testing. It means that the supply of
energy remained the same, too. If several fatigue cracks of different lengths aj arose during
one loading block Nbi, even in different quadrants, then the sum of lengths of all these cracks
can be considered as the size of damage, on the rise of which was participating the energy of
this block. If we plot a dependence as on the number of blocks Nbi for the four monitored
specimens, we will get the curves plotted in Fig. 10.

It should be pointed out that the functions designated 8 and 9 in the Tab. 2 corresponding
to single loading have app. 2/3 magnitude of functions Nos. 6 and 7. That is why these curves
in Fig. 10 are shifted to the right and indicate a smaller damage. The paths of specimen’s
deterioration in Fig. 10 are not projected until fracture because the phase of total break
usually occurred in a shorter time of one or two blocks and the crack length could not
be measured. For the performed tests, we know the exact total number of blocks until
fracture Nb.

Let us have a look now at the damaging of the monitored 4 specimens with regard to
the amount of supplied energy W (see Fig. 11).

It results from the Fig. 11 that the biggest damage occurs in the specimen No. 18 in
Fig. 8 subjected to single random tension-pressure (with a decreasing PSD). This specimen
needed the smallest amount of energy for its deterioration. A smaller damage was in the
specimen in Fig. 6 subjected to combine random stress of tension-pressure (a decreasing
PSD) – torsion (a pyramidal PSD). The specimen in Fig. 9 subjected to single random torsion
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Fig.10: Cumulative damage as as function of fatigue life Nb for specimens in Figs. 6–9

Fig.11: Cumulative damage as as function of supplied
energy W for specimens in Figs. 6–9

(PSD a pyramid) showed approximately similar damage. The specimen in Fig. 7 which was
subjected to a combination of random tension-pressure and torsion with exchanged PSD
shapes (tension-pressure – pyramidal PSD, torsion – decreasing PSD) that showed itself to
be the least aggressive, needed to be supplied the highest amount of energy for its damage.

It is apparent from the above that the evaluation of a random process aggressiveness and
also the life according to the number of loading blocks and an amount of supplied energy
need not always be in correspondence and so the validity is limited.

The experimental works resulted in the following conclusions.

5. Conclusion

It resulted from the carried out experimental works that for the single loading method
it is also possible to construct a regression curve (an S-N curve) which is parallel with
the regression curve for combined loading but shifted to the area of lower lives. When
relating the standard deviation to the process damaging stress, this displacement is smaller
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than in case of relating the damaging stress standard deviation to the process peak values.
The formulae of regression curves only differ from each other by the first member usually
designated as A which determines the curve position in the system of coordinates while
the other constant corresponding to exponent w in the fatigue curve for harmonic loading
indicates the regression curves incline which is identical for both the curves. As it was
derived, the difference of constants A for the same life Nb is proportional to the difference
of logarithms of damaging stress standard deviations sd of the process of combined and
uniaxial stress. This can be used for recalculating the life from single to multiaxial loading
and vice versa.

The monitoring of dependence of the supplied amount of energy W and the resulting
life Nb allowed to find out that to achieve the same size of damage it is needed (in case of
combined loading, see the curve 1) to supply a higher amount of energy than in the case of
single random loading (uniaxial tension-pressure, or torsion) which shows evidence of higher
aggressiveness of single loading. The difference increases with a decreasing level of stress.

During the fatigue testing we were also monitoring the fatigue crack propagation both in
the specimens with a combined method of loading and with single loading. In both the cases
the character and manner of fatigue crack propagation is different. As an example and for
the purpose of comparison we used figures of crack propagation in four tubular specimens
subjected to different loading with different magnitude of damaging stress. The parameters
of these processes are indicated in Tab. 2. In other two figures, there are dependences of size
of a so-called cumulative crack length as (independent on the fatigue crack quantity and
propagation direction) on the number of loading blocks and also on the amount of supplied
energy. It resulted from the above that the evaluation of random process aggressiveness and
also the life according to the number of loading blocks and an amount of supplied energy
needed not always be in agreement and so the validity is limited.
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