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WEIBULL FUZZY PROBABILITY DISTRIBUTION
FOR RELIABILITY OF CONCRETE STRUCTURES

Zdenek Karpisek® Petr Stépanek** Petr Jurdk*

Based on the fuzzy probability distribution and its properties, the paper defines the
fuzzy reliability and its characteristics for the double-state probability model of ob-
ject. Two fuzzy reliability models are described that are based on the Weibull fuzzy
distribution. The results can be applied to determining the reliability of real objects
in cases where pre-failure times are of a vague numerical type.
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1. Introduction

The design of concrete structures and their mathematical modeling is rather subjective
in its nature. Ordered increasingly with respect to the cost of input information acquisition,
a comparison shows that deterministic analyses are the cheapest, however, their results are
of limited validity. Probabilistic analyses provide the designer with extensive information
including the distribution of the sought quantities, however, the input data acquisition is
considerably expensive and, in some cases such as the design or calculation of residual
lifetime of unique structures, its use is irrelevant due to the lack of knowledge about the
input parameters.

Whereas reliability theory only defines the likelihood of outcomes (does an event occur?),
fuzzy logic is an excellent means to describe the extent or frequency to which an event occurs
also if few samples are available.

Evaluation of the safety level in concrete structures should be carried out considering the
stochastic behavior of the main parameters involved, not only under ultimate conditions,
but also under serviceability and durability conditions. Particularly in concrete structures,
the large variability of mechanical and rheological parameters may give rise to significant
deviations from the expected behavior if a deterministic approach is used. On the other
hand, it is well known that the probability density function and its parameters cannot be
univocally defined. To overcome this problem, the fuzzy probabilistic theory may be used
in the processing of stochastic parameters, taking into account their fuzzy nature.

In order to preserve also the less probable data items in addition to the ‘completely’ true
ones, we can describe them using tools of the theory of fuzzy sets. They particularly include
the description of each quantitative piece of data in the form of a fuzzy number where
the membership function value corresponds to the ‘probability’ of the quantity measured.
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This approach then makes it possible to model the reliability of an object as a reliability
system with different membership degrees, using fuzzy reliability, based on the notion of
fuzzy probability [1,4]. Hence, for example, we can obtain the fuzzy hazard function and
the fuzzy mean value of the time to failure. Even though a reverse interpretation does not
lead to a ‘focusing’ of the resulting information, it does make it possible to assess the values
of the characteristics analyzed in a maximum range including the degrees of membership
of their individual values as measures of their reliability. Our fuzzification of the stochastic
model of reliability is based on the following notions [1,4].

Let Q # 0 be a universal set (basic space). A fuzzy set A = (Q,pua) with a Borel
measurable membership function ji4 is called fuzzy event. Every crisp random event A C 2
is evidently a fuzzy event. We define the relationships C, C, = and operations -, N, U, -, +
with fuzzy events also for fuzzy sets.

A nonempty set ¥ of fuzzy events A = (€2, ua) is called a fuzzy Borel field of fuzzy events
over the universal set (2, if 3 has the following properties:

1. AeX, Vae[0,]]=adeX.
2. AeYXx=Acy.

3. A1, Ay...eX=JAeX.

i=1

4. Al,égézéél'égez.

Let & = R™ (R denotes the set of all real numbers) where m € N (N denotes the set
of all natural numbers) be a universal set, X a crisp Borel field of random events over £,
IT a nonempty set of probability measures P on (2, X'), 3 a fuzzy Borel field of fuzzy events
on €2, and A = (2, ua) € ¥ a fuzzy event. Let, further, P = (II, up) be such a fuzzy bunch
on IT that 3P € II and pup(P) = 1. Then the fuzzy bunch P is called a fuzzy probability
on Q and the fuzzy probability of a fuzzy event A is the fuzzy set P(A) = ([0, 1], upa))
where

tpay(p) = sup  pp(P)

P
SradP=p
Q

for Vp € [0, 1]. If no measure P € II exists such that fQ padP = p, we put upq)y =0. The
triplet (R™, X, P) is called a fuzzy probability space on R™.

The restriction Q = R™ is given by the application framework and by the possibility of
specifying probability measures by distribution functions of random variables. Every crisp
probability P is evidently a particular instance of a fuzzy probability P.

Usually, we express the fuzzy probability by means of fuzzy real numbers [4]. The
properties of fuzzy real numbers and the extended binary arithmetic operations &, &, ®, ©
are described in [2, 3].

2. Fuzzy probability distributions

If probability measures P for a fuzzy probability P are given by distribution functions
F(x) = P(X < z) where X are random variables on R™, the notion of a random variable
can be extended. For simplicity, we put m = 1. The theorems in this part describe the
fundamental attributes of fuzzy probability distribution. Proofs of these theorems and
additional propositions are shown in [6].
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Definition 1. Let X be a nonempty set of random variables X on R, ® a set of their
distribution functions and ¥ a fuzzy Borel field over Q = R. Let F = (®, up) be a fuzzy
bunch of distribution functions ' on R such that 3F € ® and pp(F) = 1 for Vo € R. The
fuzzy set X = (X, ux) where px(X) = pp(F), for VX, is called a fuzzy random variable
and its fuzzy distribution function is the fuzzy bunch F = (®, up). The pair (X, F) is called
a fuzzy distribution of probability.

Remark 1. By the fuzzy value of a fuzzy random variable X we understand an arbitrary
fuzzy event from the fuzzy Borel field ¥. Then the fuzzy probability of a fuzzy random vari-
able X assuming the fuzzy value A = (R, p14) is the fuzzy probability P(A) = ([0, 1], np(a))
where

tpay(p) = sup  pp(F).
Jra gF =p
R
In particular, for Vo € R, the value of the fuzzy distribution function F(z) = P(X < z) is
the fuzzy probability Y = ([0, 1], py) where

py(y) = sup pp(F(z)) .
F(5:y

If all the distribution functions F' are absolutely continuous, then the fuzzy random
variable X is continuous and can be specified by the so-called fuzzy density of probability,
that is, by the fuzzy bunch f of densities of probability f. In this case, the Lebesgue-Stieltjes
integral is equal to the Riemann integral.

Definition 2. Let P, Q be fuzzy probabilities. We say that P is equal to or less than Q)
writing P < @ if 3¢ € Ker(Q) such that, for Vp € Ker(P), p < ¢. By analogy, we define the
relations P ENQ, Paq@ andNB > Q. For crisp probabilities P, @ the relations < and < they
are identical, cte. - -

Definition 3. Let z = (R, y;) be a fuzzy number. We say that the value of a fuzzy

random variable X is less than a fuzzy number g writing X < z if its value is a fuzzy event
B = (R, pp) where

pp(x) =

1 — pg(v) , € (—o0, infKer(z)] ,
0 otherwise .

We say that the value of a fuzzy random variable X is greater than or equal to a fuzzy
number z writing X > z if its value is a fuzzy event B = (R, up) where

pp(x) =

pz(z) , € (=00, sup Ker(z)] ,
1 otherwise .

By analogy, we define the relations X <z and X > z.
Theorem 1. If z = (R, 1), 21 = (R, p1z, ) and zo = (R, pz,) are fuzzy numbers, then, for

the fuzzy value of the fuzzy dis?ribution function F(z) = P(X < z), the following holds:
a) 0 < F(z) <1and P(X >z) =16 F(z) for all fuzzy numbers z,
b) F(z1) < F(x2) for arbitrary fuzzy numbers 21, 22 such that inf Ker(z;) < inf Ker(z2)

and inf Supp(z1) < inf Supp(zs2).
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Corollary 1. It follows from Theorem 1 that, for the fuzzy value of a fuzzy distribution
function F and real numbers z, 1 and x2, the following holds:

a) 0 < F(r)<land P(X > ) =P(X >z) =10 F(z) for all z,

b) F(z1) < F(z2) for all z1 < xs.

Theorem 2. For any two continuous fuzzy numbers z1, xo such that inf Ker(z;) <
< inf Supp(z2), we have
21 < X <x2) = P(B2— B1) ,

and pp, B, () = pp,(x) — pp, () for Vo € R where the fuzzy event B corresponds to the
relation X < 21 and the fuzzy event B2 corresponds to the relation X < zs.

Using the extension principle, we define the fuzzy numerical characteristics of the fuzzy
random variable X.

Definition 4. Let F be the fuzzy distribution function of a fuzzy random variable X,

E(X) the means of the random variables X from the fuzzy bunch X and F their distribution
functions. The fuzzy set E(X) = (R, up(x)) where

nee = sup pe(F)
E(X)=z
is called the fuzzy mean of the fuzzy random variable X. If a random variable X has no
mean or no random variable X exists such that E(X) =z, we put ugx) = 0.

In a similar way, also other moment fuzzy characteristics are defined of the fuzzy random
variable X and also of a fuzzy random vector where m > 1 using the fuzzy mean of g(X)

where g(x) is a Lebesgue measurable function defined on R™.

Theorem 3. If a fuzzy random variable X has the fuzzy mean E(X), then E(a®bX) =
= a ® bE(X) for any two real numbers a, b. Particularly, for the fuzzy number E(X),
E(a ®bX) is also a fuzzy number.

Definition 1 admits the following fuzzification of a crisp distribution function using a fuzzy
parameter.

The first fuzzy probability distribution model is based on a parametric system of distri-
bution functions of the class of probability distribution F'(z,s). Replacing the parameter
s € R* where k € N by a fuzzy parameter S = (R", ps) with Ker(S) # 0 yields a fuzzy dis-
tribution function with the fuzzy parameter F(x, ) putting pp(F) = ps(s) for Vo € R and
Vs € R*. Thus, the fuzzy random variable X is defined in the sense of Definition 1. Then
the fuzzy probability of the fuzzy random variable X assuming the fuzzy value A = (R, p14)
is the fuzzy probability P(A) = ([0, 1], up(4)) where

pe(p) = sup ps(s)
J nadF=p
R

and the value of the fuzzy distribution function F(x,S) = P(X < z) is the fuzzy probability
Y = (0. 1], py) where

py(y) = sup  ps(s) -
F(z,s)=y

Similarly, we obtain a fuzzy mean E(X) = (R, ug(x)) where

pecx)(@) = sup ps(s) -
E(X)=z
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A continuous fuzzy random variable X may also be defined by fuzzifying the probability
density f(x,s) using the fuzzy probability density with the fuzzy parameter f(z,S). In this
case, we put uy(f) = ps(s) for Vo € R and Vs € R”.

The second fuzzy probability distribution model is again based on a parametric system
of distribution functions, but only on its subset related to the parameter. This is a fuzzy
probability distribution of the type F(xz,S) = F(z)® S n(x) where the term S n(x) indicates
the ‘fuzziness’ of the main probability distribution value F'(z).

Theorem 4. Let F(z,S) = F(z) ® Sn(z) be a fuzzy distribution function where F(z) is
the crisp distribution function of the random variable X, F(z) and n(z) > 0 are continuous
functions for Vo € R. Let the fuzzy parameter S be a continuous fuzzy number with the
main value s = 0 and pg(s) = 0 for s ¢ [~1,1]. Then

n(z) <1— R(z) = F(x) for x € (—o0,aMm] ,
n(z) < R(z) for  x€[rm,+0),

lim n(z) = lirf n(x) =0

where x\ signs the median of the random variable X with the reliability function R(z) =
=1-F(x).
Remark 2. If, for the function n(z) from Theorem 4,

R(w2) — R(z1) < n(w2) —n(z1) < F(z2) — F(21)

for Va1 < x2, then all the functions F'(z)+sn(x) are evidently non-decreasing for Vs € [—1, 1].

Corollary 2. The fuzzy value of the fuzzy distribution function F(x,S) = F(z) ® Sn(zx)
from Theorem 4 is a continuous fuzzy number for V& € R, and thus, using a-cuts, we obtain

E@,8) = |J ofF(@)+sian(@), Fx)+ ssan(@)]
a€l0,1]

where s1, is the minimum and sy the maximum root of the equation pug(s) = a. The
function F(z) is the main value of F(z,S) and

pa) (y) = ﬂ@(%) . Y EFQR) —n(z), F(t) +n(z)]

0 otherwise .
for Vo € R. For 2 — —o0, or 2 — 400, we have up(0) = 1, or pur(1) = 1 respectively and
pr(y) = 0 otherwise.

Theorem 5. Let a fuzzy distribution function F(x, S) = F(z)® S n(z) have the properties
from Theorem 4 and a crisp random variable X with the distribution function F'(x) have a
mean F(z). Then the fuzzy mean of the fuzzy random variable X is the continuous fuzzy
number

EX)=EX)® v,
where ¢ = fjf: n(x) dz. Particularly,

r— E(X)
PE(X) = M‘S(T) y € [BE(X) =, BE(X) +4¢] ,

0 otherwise .
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3. Fuzzy reliability models with Weibull fuzzy distribution

We assume that the object (element or system) under investigation is either in a failure-
free or in a failure state. The failure-free state time is a random variable 7', which assumes
values ¢ € [0,400). Next we assume that only the transition from a failure-free state to
a failure one is possible. The crisp reliability function of object is R(t) = (P(T > t) = 1-F(t)
where F(t) is the distribution function of T, and F(t) = 0 for V¢ € (—o00,0]. The fuzzy
probability model of reliability presumes that the time of such a transition is a fuzzy random
variable 7', which describes the vagueness of the transition time ¢ and the uncertainty of the
probability distribution. We define the fuzzy reliability by means of the fuzzy distribution
function of fuzzy random variable T (see Section 2).

Definition 5. The fuzzy reliability (fuzzy lifetime, fuzzy survival) function is the fuzzy
probability R(t) = P(T > t) for Vt € [0, +00).

Remark 3. It follows from Corollary 1 that R(t) = P(T >t) =18 F(t), E(t) = 16 R(t)
for Vt € (—00,0]. In addition R(0) =1, and R(+00) = 0 is evident.

Definition 6. Let F(t) be a fuzzy distribution function, where all the distribution
functions F(t) are absolutely continuous into [0,+00), and f(¢t) = dF(t)/dt the densi-
ties of probability. The fuzzy hazard function (fuzzy failure rate) is the fuzzy function
A(t) = ([0, +00), y) where for ¢ € [0, +00)

() = sup g (F) .

f__
T=F =

Remark 4. We cannot write A = f @ Ror A = f © (R™") as the fuzzy functions f and R
are dependent.
Definition 7. The fuzzy mean time to failure is the fuzzy mean E(T) of fuzzy random

variable T'.

Remark 5. If R(t) = 1© F(t) is a fuzzy reliability function, where the all distribution
functions F'(¢) are absolute continuous into [0, +00), then the fuzzy mean time to failure

+oo
B(T) = [ R()dt= ([0, +) sper)
0
where
pe@ )= sup  pp(F),

F
+oo
[ R(t)dt=t"
0

since [ tdF = ["*° Rdt and pup(R) = pp(F) for R=1-F.

A crisp random variable T' with the two-parameter Weibull probability distribution
W(b,d) where b > 0 is the shape parameter, 6 > 0 is the scale parameter, and t € [0, 00)
has these functional and numerical characteristics:

b
t
distribution function F(t)=1—exp [— (g> ] ,

b
reliability function R(t)=1—F(t) = exp [_ (E) ] ,
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hazard function Alt) =

1
mean (expected value) E(T) = 6F(g + 1)

where Gamma function I'(z) = /yz_l exp(—y)dy ,
0
and the P-percentile tp =d[—In(1 — P)}% for P€[0,1).

Fuzzy reliability model A. This model results from the first model of fuzzy probability
distribution (see Section 2). We assume that the values of a fuzzy random variable T are the
fuzzy numbers ¢t = ([0, 00), i1¢) and ¢t = xt where ¢ is the observed value of a crisp random
variable T" and k is a so-called vagueness coefficient. The vagueness coefficient is a real

triangular fuzzy number £ = ([0, 00), 1,;) with the
main value x = 1 and membership function

K — Kmi
linrnln 9 S [K'miny 1] 9
— MFmin
K) = K — K
i () Bt e (1, ]
max
| 0 otherwise
0 Kmin 1 Kmax K
where 0 < Kmin < 1 < Kmax, and boundary values
Fig.1

Kmin, Kmax they are given by an expert’s estimate.
Fig. 1 shows graph of pi, (k).

If a random variable T' has a crisp Weibull probability distribution W (b, §) then the cor-
responding fuzzy random variable T with the Weibull fuzzy probability distribution W (b, ¢)
has the following fuzzy characteristics. For V¢t € [0,00) the fuzzy distribution function
F(t) =1—exp{—[t/(k0)]’}, so that for Yo € [0, 1] the a-cuts of fuzzy distribution function

Fo(t) = [Fra(t), Fau(t)] =

B [1 o [_ (s Kmxob e Ham T HmmobH |

For Vt € [0,00) the fuzzy reliability function R(t) = exp{—[t/(x4)]’}, so that for Vo € [0, 1]
the a-cuts of fuzzy reliability function

Ra(t) = [Rla(t)7 R2a(t)] =

) [exp R CrE— nmm}ﬂ o [_ (= HmaxobH |

For Vt € [0,00) the fuzzy hazard function \(t) = bt*~!/(k0)?, so that for Va € [0, 1] the
a-cuts of fuzzy hazard function

Aa(t) = [Ma(t), Asa(t)] =

{ bt b1 ]
(0[(1 = Fmax) @ + Hmax})b’ (0[(1 = Fmin) o + Hmin])b
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The fuzzy mean of fuzzy random variable T is triangular fuzzy number E(T) = k 6 T'(1/b+1)
where
t—Fmin 0T (2 +1)
(1= fmin) 0T (§ +1)
pe) () =t = fmax 0T(5 +1)
(1 = Kmax) 6T (£ +1)
0 otherwise .

t € [Fmind (3 +1),00(2+1)] ,

, te[PT(3+1)  fmax 6T (3 +1)] ,

The fuzzy P-percentile is tp = 16 [~ In(1 — P)]s, for VP € [0,1), where

t— Kmind[—ln(l —P)}%
(1 - Hmin) ) [— ln(l — P)]

pee(t) = ¢t = fmaxd [~ In(1 = P)]?
(1 - Kmax) ] [— 111(1 — P)}%
0 otherwise .

Fuzzy reliability model B. This model results from the second model of fuzzy probability
distribution (see Section 2). Let a random variable T have again the crisp Weibull probability
distribution W (b, §), but with the corresponding fuzzy random variable T having a fuzzy
Weibull probability distribution W (b, d) with the fuzzy distribution function

Py = O HZY

0 otherwise

©Sn(), tel0,00),

where the function

exp(—rt?) —exp[—(r+q)t’], t€0,00),
n(t) = .
0 otherwise

contains real constants 7, ¢. It can be shown that, for 7 € [§7%, 00) and ¢ € [0,07°), (t) has
the properties shown in the proposition of Theorem 4 and Remark 2 so that F(¢,.S) is a fuzzy
distribution function for the continuous real fuzzy number S = ([-1,1], us), us(0) = 1.
Fig.2 shows the graph of 7(t) where the number ¢ty = 6 In2/b is the median of random
variable T'. The fuzzy distribution function F(t,S) has the main value 1 — exp[—(#/§)?] and

1

0.8

0.6+

04+

02+

0
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y-tresp[-(3)])  ve e[~ (0] -0
5 ,
hEeH = " e [ (5] +000)]
0 otherwise

for ¥Vt € (0,00). For Vt € (—00,0] we have pup«, 5)(0) = 1, and pp@, 5)(y) = 0 holds for
y # 0. For Ya € [0, 1] the a-cuts of the fuzzy distribution function F(¢,S)

Fo(t,S) = ll —exp l— (%)b + s1am(t),1 —exp [— <§> b

where [$14, S24] are the a-cuts of the fuzzy parameter S. By analogy, we acquire the member-
ship function and a-cuts of the fuzzy reliability function R(t). The a-cuts of fuzzy hazard
function A(¢) can be numerical calculated by means of interval arithmetic [2,3,5]. Since
E(T)=0T(1/b+1) and

+ 824 W(t)]

we get the fuzzy mean
BE(T) =or7( 41 @S(r—%—(qu)—%)r T
~ N~ b _~ b b

where

- (4

0 otherwise .

P LA RN R B R R
ppr)(t) =

For VP € [0,1) and Vt € [0,00) we get the a-cuts of fuzzy P-percentile from the nonlinear
equations

exp[—(%)b] sran(t) =1-P exp[—(%)b] —span(t) =1—P.

In the above-mentioned models A and B, the selection of the membership function of the
vagueness coefficient x or of the fuzzy parameter S is of a subjective nature. For applications,
an expert’s estimate of this function is used as a base, its form being chosen to be as simple
as possible and respecting the expert’s evaluations of the accuracy degrees of the values
observed. In the model B constants r, ¢ can furthermore be selected for the norm of n(t) to
be minimal or maximal [8].

4. Conclusion

The fuzzy-set approach described above allows for a logical and systematic analysis of
uncertainties. The models of fuzzy reliability with Weibull fuzzy distributions could be
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used for fuzzy reliability determining of a concrete structure cross section or of a concrete
member. Uncertain parameters (like reinforcement area with influence of corrosion, change
of concrete strength due to degradation/carbonation/sulphation in time) can be expressed as
fuzzy sets. It is possible to process the fuzzy uncertainties in reliability analysis of a concrete
member. Fuzzy uncertainty could be incorporated in the estimated probability of failure.
Then the optimization models designed for reliable design problems [8] can be modified by
included fuzzy parameters and the a posteriori verification of results can also be generalized
in the similar way [9]. The approach allows an assessment of the likelihood that a particular
concrete cross-section (or concrete member studied) will have a higher failure probability
than the failure probability of the deterministic designed cross section or member [7].
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