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ANALYTICAL SOLUTION TO INFINITE FATIGUE LIFE
OF MACHINE PARTS UNDER HARMONIC LOADING

Milan Hyca* Hynek Lauschmann**

The article presents an analytical solution to deterministic problems of infinite fatigue
life (determining the safety factor, predicting the carrying capacity and proposing
the cross-section dimensions) of machine parts subjected to arbitrary pure harmonic
loading. Presented mathematical models do not require to construct any fatigue
strength diagram adopting it only as a basis of graphical solving. Finally, these
models may serve as a starting point formulating analytical solution to deterministic
problems of infinite fatigue life of machine parts under combined harmonic loading.
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1. Introduction

An oldest and frequently used procedure of machine parts dimensioning subjected to
fatigue loading is dimensioning on infinite fatigue life, i.e. dimensioning under the endurance
limit [1-4]. The procedure adopts a safety factor related to this limit. Regarding fatigue
data dispersion the safety factor is to be prescribed bigger than the static safety factor. This
implies the bigger robustness of structures and reduces specific power of machines.

Regardless of it, designing methods on infinite fatigue life preserve their practical impor-
tance till today [5]: they enable structural design for infinite fatigue life and the working
competence of machine parts designed according to this approach may be reached during
the whole period of physical life of a whole structure. Further methods of designing machine
parts subjected to oscillating loading have therefore been developed in many universities
and research laboratories during recent decades, e.g., [6]. Dimensioning on limited or timed
strength is to be mentioned which makes it possible to design machine parts with increased
specific power.

The classical conception of infinite fatigue life (N¢ > 107) assumes the nominal stress
state in characteristic cross-section of a machine part and its determination according to
elementary elasticity. The fundamental parameter for determining the limit state of fatigue
is the unnotched fully reversed fatigue limit, o¢ (or 7¢) of a material. Completing these basic
assumptions with Goodman’s linear approximation of the effect of loading cycles asymmetry,
the simplest classical version of the infinite fatigue life may be adopted. The graphical solving
of deterministic problem of infinite fatigue life of machine parts subjected to pure harmonic
loading is widely spread, especially as fare as determining the safety factor is concerned.
The graphical solving of other problems of infinite fatigue life of machine parts within the
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frame of the classical approach is either cumbersome or cannot be applied. In addition, the
graphical solving excludes the automatic plotting of appropriate nomograms.

This article presents an analytical solution to deterministic problems of infinite fatigue
life (determining the safety factor, predicting the carrying capacity and proposing the cross-
section dimensions) of machine parts subjected to arbitrary pure harmonic loading. Pre-
sented mathematical models do not require to construct any fatigue strength diagram adopt-
ing it as a basis of graphical solving. In addition, these models make it possible to solve
the problems in question inclusive of problems which are not solvable graphically. They
facilitate the plotting of nomograms which are not available by using neither graphical nor
discrete methods [7,8]. Finally, the presented mathematical models may serve as a starting
point for formulating analytical solution to deterministic problems of infinite fatigue life of
machine parts under arbitrary combined harmonic loading.

2. Input data for analytical models of infinite fatigue life

Input data according to Figs.1 and 2 may be classified in the following groups:
— mechanical properties of a material :
op, 77 = fictive strength (usually identified with ultimate strength) ,
ok, Tk = yield strength* | (1)

o¢,7c = unnotched fully reversed fatigue limit* ,

— the fatigue notch factors:
6021"’_(040_1)(]7 /37214‘(047—1)61> (2)
where a, and «. are the elastic stress concentration factors and ¢ is the notch sensi-

tivity of a material,

— or, as the case may be, reduced fatigue notch factors

ﬂo‘r = 60 ) B‘rr = ﬂ—T
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where v,, v, are the size factors and ¢,, @, stand for the fatigue strength surface

3)

condition factors,

— fatigue limits of a notched part are

* Vo Po * ac
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— the magnitude of loading (the maximum of loading cycle) :

at bending : ML (6)
at tension-compression: NP, (7)
at torsion: ML, (8)

* For pure bending, specific values of yield strength and fatigue limit (both higher then values for tension-
compression) should be used.
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where th, NE and leh denote the generalized internal forces,

— the slope of load line:

at bending or tension-compression : Ne = —p € (1;00), (9)
Um
P

at torsion: Nr = ip € (1;00) , (10)
Tm

— the size of a characteristic cross-section of a structure part (e.g. the size of a diameter d
of the shaft cross-section),

— the safety factor related to the endurance limit allowing for the linear approximation
of the effect of loading cycles asymmetry, corresponding to the type of loading:
at a bending or tension-compression:

O.MO’
ky = 0 | (11)
oy,
where b b
M N,
orllf = —w;’oh or orllf = Th (12)
or at a torsion:
il (13
k‘r - 5
T
where p
M
P kh
= =1 14
Th Wi (14)

with S, W, and Wy standing for the cross-section properties.

3. Deriving mathematical models of infinite fatigue life

We will derive mathematical models of infinite fatigue life following the classical Smith’s
diagram. The estimated Smith’s diagram for a part subjected to pure harmonic axial stress
due to bending or tension-compression is in Fig. 1. Similarly, the Smith’s diagram for a part
under pure harmonic shear stress due to torsion is in Fig.2. Derivation of analytical ex-
pressions of the limiting curve A*D*G of a fatigue failure consists in deriving relations for
ordinates aflwc and T}i\/ ‘e of points M € A*D* in Smith’s diagrams according to Figs. la
and 2a. A magnitude of the stress components is determined by magnitude of the upper
quantity, of or 7, of loading cycles. Equations of straight lines OM¢ and A*Mc are as

follows :

— an equation of the straight line OMc¢ :
P P
U%CZU—EUMC:<1+G%)U%07 (15)
— an equation of the straight line A*M¢:

M, o — O¢ o¢
c _ C Mo _ ¢\ _Mc X
o, ¢ = E—— o’ +o56 = < - —) oS +o¢ . (16)
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Thus, regarding Egs. (15) and (16) we get

P *
<1 + 0—;) oMe — <1 - G—C) oMe 4 gt
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Fig.1: Smith’s diagram of machine parts subjected to harmonic tension-compres-

sion or bending with indicated load lines 1o In two characteristic positions :
a) Ne > Na™it or b) 1 < 15 < HE™® (for ni™it see eq. (33))

Recalling the slope of load line

2h e e (1,00) (20)
Om
which implies
nU:Um+Ua 1_’_&7 (21)
Om Om
the Eqs. (18) and (19) read
oM i (22)
Mo + < - 1
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Fig.2: Smith’s diagram of machine parts subjected to harmonic torsion with
indicated load lines nr in two characteristic positions: a) nr > phmit o
b) 1 < nr < g™ (for ni™i* see eq. (36))
and
M, o¢ M
Oy ¢ = e = Ol - (23)
Mo + < - 1
OF
Equations of straight lines, OMk and D*G, are
M, o M,
Tp = —5 Om" =10 O (24)
Um
and
M,
o, ¢ =0k (25)
Substituting this identity into Eq. (24) we arrive at
o
oM = 2K (26)
No

Referring to a notation in Figs.2a and 2b, we can derive the coordinates of points Mc¢
and Mk in a Smith’s diagram for infinite fatigue life of machine parts under pure torsional

harmonic loading following Eqs. (22), (23) and (25), (26), respectively :

*
Mo _ c
m - * )
le
et 2=
F
M. 73
(G — C _ Mc
™ T = Té Nr =Tm NIt
et 2=
F
or
M
T =TK
Mk _ 'K
T = —

N

(27)

(28)
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Substituting for o}’ from Eq. (23) a condition

ole = (31)
will read
¢
O_* 770' = UK b (32)
No + < 1
OF
from which
_ %
imi %
e =1, = ——= (33)
1-Z€
oK

Similarly, substituting for 7./¢ from Eq. (28) a condition

Mo = g (34)
implies
T*
,S* Nr = 7K , (35)
Nr + < _
F
yielding
_Tc
imi T
ne =it = T (36)
_ <
TK

The quantities 7™t and 7l according to (33) and (36) represent limit magnitudes of
the factors of a loading cycle asymmetry for bending, tension-compression and torsion,

respectively. Recalling denotation according to Figs. 1 and 2, the following relations may be
assumed :

oy'¢ = Lo il e 2™

U}lea _ N + ﬁ —1 (37)
o = ox if 1y < pimit
LS S

M= U (38)
M = 7y if 7, < plimit

Thus, the ordinates U}JIM" and T}le’ of points M¢ and Mxk of limit curves A* D*G of infinite
fatigue life represent the fundamental relations for formulating appropriate mathematical
models of infinite fatigue life of machine parts subjected to arbitrary pure harmonic loading.
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4. Solving basic problems of infinite fatigue life of machine parts subjected to
pure harmonic loading

Assuming a pure harmonic loading in bending or tension-compression, the safety fac-
tor, k,, may be defined as

M,
o
ko = - (39)
i
where o1/ is covered by (37) and
MY NY
O'}l? = W: or O'}l? = ?h 5 (40)
in which, e.g. for machine parts with circular cross-section of the diameter d,
wd3 T d?
Wo = — S=—" 41
32 1 (41)

Similarly, at pure harmonic loading in torsion the safety factor, k., is to be defined as

M,
-
by =, (42)
"
where for 7,"" the relation (38) is valid and
MP
P kh
T, = , 43
where P
7r
= 44
W 16 (44)
Substituting (40) in (39) and (43) in (42) we get for the safety factors k, and k,
Wo M, S M.
k, = “ or ke = — 0,7 (45)
T, % Ny 7
and W
k
ke = o T (46)
kh
Hence, the upper magnitude of harmonic cycles of loading read
W, S
ME = W o> or N = " opt (47)
and W
My, = k_k W (48)
and for magnitude of cross-section properties W, or S and Wi,
ML k, NE ko
W, = A}}IU or S = hMU (49)
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and b
My, kr
Wy = jy

Th

(50)

Thus, the relations (45)—(50) and (37), (38) enable analytical solving to all deterministic
problems of infinite fatigue life of machine parts subjected to arbitrary pure harmonic
loading :

— determining the safety factor,

— predicting the limit carrying capacity, and

— dimensioning the cross-section.

For mechanical properties o, ok and oc of a material subjected to bending loading M, or

tension-compression IV and for mechanical properties 77, 7k and 7¢ of a material subjected
to torsion moment My the following notation will be introduced as follows:

orm, = (0F)M, , oxkm, = (0K)M, » ocm, = (0c)M, (51)
opN = (0F)N okn = (0k)N , ocn = (o¢)N (52)
TeM, = (TF) My, KM, = (TK) M oM, = (T¢) (53)
(U}JlVI")MO = U}Jl”" according to (37) at the harmonic bending, M, , (54)
(o117 )n = oi!s  according to (37) at the harmonic tension-compression, N | (55)
(T}JIWT)Mk = T}JIVIT according to (38) at the harmonic torsion, M , (56)

L o 1—0*/0F> 1 — o0&y, /oFum,

limit limit C CM, o
= 1\4O = 7* = — * o b} 57
e 7") (1_UC/UK . 1_UCJVIO/UKM0 (57)
plimic _ (plimity (1 ~ Ué/UF) _ 1—o¢n/ovn (58)

N 7 1-o0&/ok )y 1—o0én/okn

. - 1—7-*/7-F> 1 —7épm. /oM,

limit limit C M k
e = =\ T =/ T 59
T My (777' ) k <1 — TC/TK " 1 — TEa, /TKI\/[k ( )

where
. oCM, . OCN . TC M,

o = , OoN = , T = —, 60
CM, 3o ON T g CM, B (60)

4.1. Safety factor at a pure harmonic loading by a bending moment M,, tension-
compression N and a torsion moment My (problems B M,, BN, B M)

After substituting from (37) and (38), the Egs. (45) and (46) read:
— at a loading by bending moment M(f; (problem B M,):

W, No . limit
P o O'EMO if 1, > 77¢;IHV1110 )
oh _CM, 4
Wo | . Ne +
ko = 3 (007 )y, = OF M, (61)
oh W. ..
= oK M, if e < ninit,

P
Moh
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— at a loading by axial tension-compression N (problem B.N):

S .
e iy i e =l
NP 9oN 7
Y hope + =2 —1
ko = 5 (0w 7)v = TEN
h S : limit
NP OKN if n, <myN"
h

— at a loading by torsion moment M} (problem B.My):

Wk Nr * s
: limit
MP = Tem, A e Z 02
W ko, 4 e
k M, Nr +
ke = 4 (0w = TF M
kh Wi .
— T M if Ny < nllmlt
MP KM, T My -
kh

(62)

4.2. Limiting carrying capacity at a pure harmonic loading by bending moment
M,, tension-compression N and torsion moment My (problems U.M,, UN,

UMy)

After substituting from (37) and (38), the Egs. (47) and (48) read:
— at a loading by bending moment MY (problem U.M,):

k_ W UEIVIO if No = 772%‘; ’
W, 7 e+ e —1
Mgy = 2= (0" )u, = 7 oru,
7 W,
— okM, it ne <R,
ko
— at a loading by axial tension-compression N{ (problem U.N):
S -
. ?77;7061\7 if 1y >Nt
S kg?] +JON
NP == (03" )n = 7 orn
ko S -
T OKN it n, <nin't,

o

— at a loading by torsion moment M} (problem U.My):

W Nr imi
. limit
L ™ TéMk if Ukd Z 177'15\1141 )
W T C]\/[k _ 1
M = k , M, _ Nr +
k= 7 (T ) = TF M,
T
Wi . i
— TKM, if 0 < nkﬁlkt )

ey

(66)
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4.3. Dimensioning at a pure harmonic loading by a bending moment M,, ten-
sion-compression N and a torsion moment My (problems D_M,, D.N, D_My)

After substituting from (37) and (38), the Egs. (49) and (50) read:
— at a loading by bending moment M (problem D_M,) :

No + % -1
P MP k FM, if n > ,rllimit ,
W, — MMOh ks _ oh Vo N UEMO o oM, (67)
(on "), 1
Mg, ko it n, < npRi
OKM,
— at a loading by an axial tension-compression N}lf (problem D_N):
Ne + 9¢N 1
P OFN ; limit
NPk Ny ke ————— if 10 2 n5R",
S= kT TP meoty e (68)
(o 7)N 1 .
NP ky — if 7, < nlimit
OKN
— at a loading by torsion moment M} (problem D_My):
T*
.+ TCJVIk 1
P F M . limit
ME k My by —————— it n- =07y,
Wk = % = b N TC]\/[k ! 7 M (69)
(0 "), )
M} ke, —— if e <yt
TK My,

5. Case studies

Case 5.1. A pull-rod of a circular cross-section is to be subjected to a harmonic tension-
compression loading, N, within the scope of infinite fatigue life (the problem B IN).

Given: Material: mild steel 11500.1:
— OFN — 55OMPa, OKN — SIOMPa, OCN — 180MPa,
~ NP € (NF i NE Lax) = (0;300) kN (limits of maximum loading),
—d € (0;50) mm (limits of the cross-section diameter),
— Bor = 2,3 (reduced fatigue notch factor),
— 1y = 1,4 (the slope of load line),
— p =6 (number of prescribed values of the safety factor k),
— ks =1,2,4,6,9,12 (prescribed values of the safety factor k),
— S = md?/4 (the cross-section area),
—n =500 (number of segments for linspace x = N and y = d).
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Fig.3: Theoretical variation of the safety factor, ks, referring to given machine parts
which are to be subjected to given harmonic tension-compression causing infi-
nite fatigue life and allowing for influence of the reduced fatigue notch factor,
Bor, and the slope of load line, ng, a) Bor =2, Ne =1, b) Bor =3, o = 4

Case 5.2. A connective notched shift of a circular cross-section is to be subjected to a har-
monic loading by bending moment, M,, causing infinite fatigue life (the problem U_M,).

Given: Material: mild steel 11500.1:
— OFM, = 880 MPa, OKM, = 370 MPa, OCM, = 240 MPa,
- ME e (ME . ME ) =(0;300) Nm (limits of maximum loading),
—d € (0;50) mm (limits of the cross-section diameter),
— Bor = 2,3 (reduced fatigue notch factor),
— 1y = 1,4 (the slope of load line),
— p =6 (number of prescribed values of the safety factor k),
— ks =1,2,4,6,9,12 (prescribed values of the safety factor k),
~ W, = md3/32 (property of the circular cross section),
—n =500 (number of segments for linspace x = M} and y = d).

Fig.4: Theoretical variation of the safety factor, ks, referring to given machine
parts which are to be subjected to given harmonic bending loading causing
infinite fatigue life and allowing for influence of the reduced fatigue notch
factor, Bor, and the factor of the loading cycle asymmetry, ng, a) Bor = 2,
Ne =1, b) Bor =3, nc =4
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Case 5.3. A propeller shaft is to be subjected to a harmonic torsional loading caused by
torsional moment, My, causing infinite fatigue life (the problem D_My)

Given: Material : mild steel 11500.1:
—TFM, = 4:4:01\/.[133.7 TK M, = 1901\/.[133.7 TCM, = 140 MPa,
= ME € (ME i ME, mex) = (0;300) Nm- (limits of maximum loading),
—d € (0;50) mm (limits of the cross-section diameter),
— Brr = 2,3 (reduced fatigue notch factor),
—n; = 1,4 (the slope of load line),
— p = 6 (number of prescribed values of the safety factor k),
—k; =1,2,4,6,9,12 (prescribed values of the safety factor k),
— Wy = 7w d3/16 (property of the circular cross section),

—n =500 (number of segments for linspace x = leh and y = d).

50
40
30

d (mm)!

20

)
|
) )

200 250 300

Fig. 5: Theoretical variation of the safety factor, k-, referring to given machine parts
which are to be subjected to given harmonic torsion loading causing infinite
fatigue life and allowing for influence of the reduced fatigue notch factor, Brr,
and the slope of load line, nr, a) Brr =2, - =1, b) Brr =3, nr =4

6. Conclusions

Presented analysis makes it possible to solve deterministic problems of infinite fatigue
of notched components subjected to arbitrary pure harmonic loading. Graphical presenta-
tion of calculated results of three examples concerning determination of the safety factor,
predicting the carrying capacity and proposing the cross-section dimensions are enclosed in
Figs. 3 to 5.

Derived mathematical models do not require to construct any fatigue strength diagram
adopting it only as a basis of graphical solving. Finally, these models may serve as a starting
point for formulating analytical solution to deterministic problems of infinite fatigue life of
machine parts under combined harmonic loading.

References
[1] Surresh S.: Fatigue of materials. Cambridge University Press 1991, 617 p., ISBN 0521 437 63 6
[2] Stephens R.I., Fatemi A., Stephens R.R., Fuchs H.O.: Metal Fatigue in Engineering, J. Wiley
& Sons, New York, Chichester, Singapore, Toronto, 2001, 472 p.
[3] Fuchs H.O., Stephens R.I.: Metal Fatigue in Engineering, A Wiley — Interscience Publication,
New York, Chichester, ISBN 0-471-05264-7, 318 p.



Engineering MECHANICS 27

[4] Ruzicka M., Hanke M., Rost, M.: Dynamical Strength and Fatigue Service Life (in Czech),
FSI, CVUT Praha, 1989, 212 p.

[5] Becvafik P.: Fatigue Properties of Selected Czechoslovak Steels (in Czech), Poradenska pifrucka
¢. 37, Technicko-ekonomicky vyzkumny tstav hutniho prumyslu, Praha 1985

[6] Ondracek E., Vrbka J., Janicek P.: Mechanics of Bodies — Elasticity and Strength II, (in
Czech), FSI, VUT Brno, 2002, 262 p., ISBN 80-214-2214-9

[7] Hycéa M.: Conservative Approximation of the Limit Area of High-Cycle Timed Strength of
a Notched Component and Its Graphic Interpretation (in Czech), Stavebni obzor 2, 2002,
pp-42-44

[8] Hyca M.: Analysis of Influence of Maximum Stress Asymmetry in Stress Cycle and Fatigue
Strength Reduction Factor on High-Cycle Finite Fatigue Service Life of Structural Members
(in Czech), Sbornik VII. Védecké konference s mezindrodni ucasti, SvF Technické univerzity
v Kosicich, Kosice, 2002, pp.94-101

Received in editor’s office: April 14, 2011
Approved for publishing: November 16, 2011



