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EFFECT OF ROTATION ON THE ONSET
OF COMPRESSIBLE VISCOELASTIC FLUID SATURATING
A DARCY-BRINKMAN POROUS MEDIUM

G. C. Rana* H. S. Jamwal*

The effect of rotation on the onset of convection in compressible Walters’ (model B’)
elastico-viscous fluid heated from below saturating a porous medium is considered.
For the porous medium,the Brinkman model is employed and Walters’ (model B’)
fluid used to characterize the viscoelastic fluid. By applying normal mode analysis
method, the dispersion relation has been derived and solved analytically. It is ob-
served that the medium permeability, compressibility, gravity field and viscoelasticity
introduce oscillatory modes. For stationary convection,the rotation has stabilizing
effect whereas Darcy number and medium permeability have destabilizing/stabilizing
effect on the system under certain conditions.

Keywords: Brinkman-porous medium, rotation, thermal convection, viscoelasticity,
Walters’ (model B’) fluid

1. Introduction

The problem of thermal convection in porous medium has attracted considerable interest
during the last few decades because it has various applications in geophysics, food process-
ing and nuclear reactors. A detailed account of the thermal instability of a Newtonian
fluid, under varying assumptions of hydrodynamics and hydromagnetics has been given by
Chandrasekhar [1]. Lapwood [2] has studied the convective flow in a porous medium using
linearized stability theory. The Rayleigh instability of a thermal boundary layer in flow
through a porous medium has been considered by Wooding [3].

There is growing importance of non-Newtonian fluids in geophysical fluid dynamics,
chemical technology and petroleum industry. Bhatia and Steiner [4] studied the problem of
thermal instability of a Maxwellian visco-elastic fluid in the presence of rotation and found
that rotation has a destabilizing influence in contrast to its stabilizing effect on a viscous
Newtonian fluid. But Maxwell’s model does not describe all the characteristics of a visco-
elastic fluid. Thermal instability of an Oldroydian visco-elastic fluid in porous medium has
been studied by Sharma [5]. There are many visco-elastic fluids which cannot be charac-
terized by Maxwell’s constitutive relations or Oldroyd’s [6] constitutive relations. One such
type of fluids is Walters’ (model B’) elastico-viscous fluid having relevance in chemical tech-
nology and industry. Walters’ [7] reported that the mixture of polymethyl methacrylate and
pyridine at 25 °C containg 30.5g of polymer per litre with density 0.98g per litre behaves
very nearly as the Walters’ (model B’) elastico-viscous fluid. Walters’ (model B’) elastico-
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viscous fluid form the basis for the manufacture of many important polymers and useful
products.

The investigation in porous media has been started with the simple Darcy model and
gradually was extended to Darcy-Brinkman model. A good account of convection problems
in a porous medium is given by Vafai and Hadim [8], Ingham and Pop [9] and Nield and
Bejan [10]. Kuznetsov and Nield [11] have studied thermal instability in a porous medium
layer saturated by a nanofluid : Brinkman model.Sharma and Rana [12] have studied thermal
instability of a Walters’ (model B’) elastico-viscous in the presence of variable gravity field
and rotation in porous medium.

When the fluids are compressible, the equations governing the system become more
complicated. Spiegel and Veronis [13] have simplified the set of equations governing the flow
of compressible fluids under the assumption that the depth of fluid layer is much than the
scale height as defined by them, if only motions of infinitesimal amplitude are considered
Gupta and Aggarwal [14] studied thermal instability of compressible Walters’ (model B’)
elastico-viscous fluid in the presence of hall currents and suspended particles whereas Rana
and Kango [15] studied the effect of rotation on thermal convection in compressible Walters’
(model B’) elastico-viscous fluid in porous medium.

Recently, Shivakumara et al. [16] have studied the effect of thermal modulation on the
onset of thermal convection in Walters’ B viscoelastic fluid in a porous medium whereas
Chand and Rana [17] studied the effect of rotation on thermal instability of Oldroydian visco-
elastic fluid saturated by Brinkman-Darcy porous medium. Rana [18] studied the effect of
suspended particles on thermal instability of Walters’ (model B’) fluid in a Brinkman porous
medium. In the present paper, the effect of rotation on thermal convection in compressible
Walters’ (model B’) elastico-viscous fluid in a Brinkman porous medium is studied.

2. Mathematical model and perturbation equations

Let T35, Tij, €ij, 4 15 Dy 045, Vi, x; and d/dt denote respectively the total stress tensor, the
shear stress tensor, the rate-of-strain tensor, the viscosity, the viscoelasticity, the isotropic
pressure, the Kronecker delta, the velocity vector, the position vector and the convective
derivative. Then the Walters’ (model B’) viscoelastic fluid is described by the constitutive
relations

Tij = —pdij + 75 ,

d
Tij—Q(ﬂ—ﬂ/&)eijy
6"—1 8vi+8vj
=9\ 0z, 0w )

The above relations were proposed and studied by Walters’ [7].

Here we consider an infinite, horizontal, compressible Walters’ (model B’) elastico-viscous
fluid of depth d, bounded by the planes z = 0 and z = d in an isotropic and homogeneous
medium of porosity ¢ and permeability ki, which is acted upon by gravity g(0,0, —g) and
uniform rotation €(0,0,8). This layer is heated from below such that a steady adverse
temperature gradient S(= |dT/dz|) is maintained as shown in figure 1. The character of
equilibrium of this initial static state is determined by supposing that the system is slightly
disturbed and then following its further evolution.



Engineering MECHANICS 447

g= g(oaoa-g)

Q= (0.0.Q)
Compressible
Walters’ (model B')

Brinkmain Porous Medium fotating fluid

X

Heated from below

Fig.1: Schematic sketch of physical situation

Let o, v, v/, p, e, T, @ and v(0, 0, 0), denote respectively, the density, kinematic viscosity,
kinematic viscoelasticity, pressure, medium porosity, temperature, thermal coefficient of
expansion and velocity of the fluid.

The equations expressing the conservation of momentum, mass and temperature for
Walters” (model B’) elastico-viscous fluid (Chandrasekhar [1], Kuznetsov and Nield [11],
Sharma and Rana [12], Rana [18]) are

ofov 1 = vrroge (e s nvey s 20
E{atwtg(v.v)v]— Vp+og ) (u Woa |VHAVIVE —(vxQ), (1)
do
8t+V(gv) 0, (2)
T
E%—t +(v.V)T =k VT . (3)
Here
E:€+(1_€)QSCS
Qoct

which is constant, x is the thermal diffusivity and { is effective viscosity of porous medium;
0s, Cs; 00, ¢t denote the density and heat capacity of solid (porous) matrix and fluid respec-
tively.

The state variables pressure,density and temperature are expressed in the form (Spiegel
and Veronis [13])

[y, z,t) = fm + fo(2) + f'(2,y, 2,1) (4)
where f, denotes for constant space distribution f, fy is the variation in the absence of

motion,and f'(z,y, z, t) is the fluctuation resulting from motion.The basic state of the system
is

p :p(z) ) 0= Q(Z) ) T= T(Z) ) q= (0’070) (5)
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where

p(2) = pm —g/(gm + 00) dz 0(2) = om [1 = am (T = To) + Kun(p — pm)] ,
0

B B 18@ 139

Here py, and g, denote a constant space distribution of p and ¢ while Ty and g denote
temperature and density of the fluid at the lower boundary.

Let v(u,v,w), 0, op and do denote, respectively, the perturbations in fluid velocity
v(0,0,0), temperature T, pressure p and density o.

The change in density dp caused by perturbation € in temperature is given by
0p=—apmb . (6)

The linearized perturbation equations governing the motion of fluid are

18V7 1 1 /8 2 2
ga_—g—mv&l)—ga@—k—l(V—u a)v%——mvv"' (vxQ), (7)
Vv=0, (8)
00 2
5 (5——p>w+nv 0, (9)

where v, v/ and w denote respectively the kinematic viscosity, kinematic viscoelasticity and
the vertical fluid velocity.

3. The dispersion relation

Following the normal mode analyses, we assume that the perturbation quantities have
x, y and t dependence of the form

[w,0,(] = [W(2),0(2), Z(2)] exp(ilz+imy+nt), (10)

where | and m are the wave numbers in the  and y directions, k = (I + m?)'/2 is the
resultant wave number and n is the frequency of the harmonic disturbance, which is, in
general, a complex constant.

Using expression (10) in equations (7)—(9) become

d2 2 2 1 / d2 2
— @—k W=—gk a@—k—l(y—yn) @—k W +
i [ d2 2 20 dZ ()
—_ —_ 2 e —
+Q0 <d22 k) W e dz
n 2QdW  fi [ d2
—7=—— ") Z+ = —+ (= -k)Z 12
- 1(u+u ) Z + dz+go(d22 ) ; (12)
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Equations (11) to (13) in non-dimensional form, become

2 72 3

L*‘(ﬁ_F)U—DA(DQ—aQ)] (D* —a)w+ 22 d Ha@+2]319d DZ=0, (14)
g v EV
{1+(§—F)U—DA(D2—<12) Z=259dPlDW, (15)
14
2 _
[DQ—aQ—EPra]@:—ﬂ—d%W, (16)
K

where we have put @ = kd, 0 = nd?/v, F = v//d*> and P, = ki/d? is the dimension-
less medium permeability, P, = v/k is the thermal Prandtl number, G = (c,/g) 8 is the
compressibility and Da = (fik1)/(p d?) is the Darcy number modified by the viscosity ratio.

Eliminating © and Z between equations (14) to (16), we obtain

P
[1+<—1‘F>”—DA<D2—a2> (D? —a*) (D* —a® ~ EP,o) W —
13
17)
—1 Ta P?2(D?—-a?>—-EP, (
_rep Sty A (D —a ?)

D*W =0,
G 1+ (& = F)o—Da(D?-a?)

where R = (ga3d*)/(vk) is the thermal Rayleigh number and Ta = ((2Qd?)/(ev))? is
the modified Taylor number.

Here we assume that the temperature at the boundaries is kept fixed, the fluid layer is
confined between two boundaries and adjoining medium is electrically non-conducting. The
boundary conditions appropriate to the problem are (Chandrasekhar [1])

W=D*W=D'W=DZ=0=0 at z=0and1. (18)

The case of two free boundaries,though a little artificial is the most appropriate for stellar
atmospheres. Using the boundary conditions (18),we can show that all the even order
derivatives of W must vanish for z = 0 and z = 1 and hence the proper solution of W
characterizing the lowest mode is

W =Wysinm z ; Wy is a constant . (19)

Substituting equation (19) in (17),we get

Rle:%{{l—F(?—ﬁF) io1+Da, (1+2)| 14+2)(1+2z+EPior)+

(20)

Ta, PP(1+ 2+ EP io)
1+ (£ —m2F)ioy+ Da, (1+2)

where we have put Ry = R/7%, Ta, = Ta/7*, Da, = (Da/7*)x = a?/72, ioy = o/7?,
P=n?D.

Equation (20) is required dispersion relation accounting for the onset of thermal con-
vection in Walters’ (model B’) elastico-viscous fluid under rotation in a Brinkman porous
medium.
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4. Oscillatory modes

Here we examine the possibility of oscillatory modes, if any, in Walters’ (model B’)
elastico-viscous fluid due to the presence of rotation, viscoelasticity, medium permeability
and gravity field. Multiply equation (14) by W* the complex conjugate of W, integrating
over the range of z and making use of equations (15) and (16) with the help of boundary
conditions (18), we obtain

galakP G (
v G-1

P
+f{L+C§+F>ﬁ]Q_O,

P
|:1+(ﬁ—F>0:|Il+DA(IQ+dQI3)+ I+ EP. oc"I5) +

(21)

where
1
I = /(|D W2 +a® |W|?)dz ,
0
1
Iy = /(|D W +2a? [ DW|? +a* W) dz ,
0
1

Is= [ (IDZP+d*|Z*)dz ,

L= [ (DO +d* |0 dz,

Is =

0
1

I :/|Z|2dz .
0

The integral part I1—Is are all positive definite. Putting 0 =io; in equation (21), where
o; is real and equating the imaginary parts, we obtain

P 2 galarBR G _
g; |:(E F) (Il d Iﬁ) V,B G—lEPrIS —0, (22)

— L O O~

|02 dz ,

Equation (22) implies that o; = 0 or 0; # 0 which mean that modes may be non-oscillatory
or oscillatory. The oscillatory modes introduced due to presence of viscoelasticity, compres-
sibility and medium permeability which were non-existent in their absence.

5. The stationary convection and discussion

For stationary convection, putting o = 0 in equations (20), we obtain

G 1+4+zxz|l4+x Dy (1—|—I)2 Ta, P
Ry = 1 1 23
'"Te-1i s | P " P TiybDaatol’ (23)
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Equation (23) expresses the modified Rayleigh number R; as a function of the dimensionless
wave number x and the parameters Ta,, Da,, P and Walters’ (model B’) elastico-viscous
fluid behave like an ordinary Newtonian fluid since elastico-viscous parameter F' vanishes
with o.

Let the non-dimensional number G accounting for compressibility effect is kept as fixed,

then we get

_ G

RC = m RC 5 (24)
where R. and R. denote, respectively, the critical number in the presence and absence of
compressibility. Thus, the effect of compressibility is to postpone the instability on the onset
of thermal instability. The cases G = 1 and G < 1 correspond to infinite and negative values
of Rayleigh numbers due to compressibility which are not relevant to the present study.

To study the effects of rotation, Darcy number and medium permeability, we examine
the behavior of OR;/0Ta,, OR1 /0Dy, and OR; /0P analytically.

From equation (23), we get

8R17 G 1+1‘ P
0Ty, G-—-1 z 1+Ds (1+2)’

(25)

which is positive.Hence rotation has stabilizing effect on the thermal convection of Walters’
(model B’) elastico-viscous fluid in a Brinkman porous medium.This stabilizing effect is
an agreement of the earlier work of Sharma [5], Sharma and Rana [12] in the absence of
Brinkman model.

From equation (23), we get

IRy 14z G [(+=z)?  (14+x)PTy,
81)1\1 Tz G-1 P {1—|-I)A1 (1—|—I)}2 ’

(26)

Thus Darcy number has destabilizing effect when

(1+x)? (14 ) PTa,
P {14 Da, (1+x)}?
and stabilizing effect when
(1+x)2 (14+2)PTha,

P {14+ Da, (1+2)}?

on the thermal convection of Walters’ (model B’) elastico-viscous fluid in a Brinkman porous
medium. In the absence of rotation, R1/0Dy, is always positive implying thereby the
stabilizing effect of Darcy number which is good agreement of the earlier result derived by
Rana [18].

It is evident from equation (23) that

ORy _1+I G 142z  Da, (1+1‘)2 Ta,

9P« G-1| P2 T PP T {+Da(t22]’
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From equation (34), we observe that medium permeability has destabilizing effect when
1+x+DA1(1+x)2> Ta,
p2 P2 {14 Da, (1+x)}?
and stabilizing effect when
1+x+DA1(1+x)2< Ta,
p2 P2 {14 Da, (1+x)}?

on the thermal convection of Walters’ (model B’) elastico-viscous fluid in a Brinkman porous

medium. In the absence of rotation, dR1 /0P is always negative implying thereby the desta-
bilizing effect of medium permeability. This destabilizing /stabilizing effect is an agreement
of the earlier work of Sharma [5], Sharma and Rana [12], Gupta and Aggrawal [14], Rana [18].
The dispersion relation (23) is analyzed numerically. Graphs have been plotted by giving
some numerical values to the parameters, to depict the stability characteristics.
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In fig. 2, Rayleigh number R; is plotted against dimensionless wave number z for va-
rious values of Taylor number Ta,. This shows that rotation has a stabilizing effect as R;
increases with the increase of Taylor number. In Fig.3, Rayleigh number R; is plotted
against dimensionless wave number x for various values of Darcy number Da,. This shows
that Darcy number Da, has a destabilizing/stabilizing effect on the system as the Rayleigh
number decreases/increases as the Darcy number Dy, increases.

In fig. 4, Rayleigh number R; is plotted against dimensionless wave number z for various
values of medium permeability P. Since Rayleigh number decreases/increases as the medium
permeability P increases. Thus, medium permeability has a destabilizing/stabilizing effect
on the system.
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6. Conclusions

The effect of rotation on the onset of convection in compressible Walters’ (model B’)
elastico-viscous fluid heated from below in a Brinkman porous medium has been investi-
gated. The dispersion relation, including the effects of rotation, Darcy number and medium
permeability on the thermal instability in Walters’ (model B’) fluid is derived. From the
analysis,the main conclusions are as follows:

(i) For the case of stationary convection, Walters’ (model B’) elastico-viscous fluid be-
haves like an ordinary Newtonian fluid as elastico-viscous parameter F' vanishes
with o.

(ii) The expressions for OR1/0Ta,, OR1 /0D, and OR; /0P are examined analytically and
it has been found that the rotation has stabilizing effect whereas Darcy number and
medium permeability have a destabilizing/stabilizing effect on the system. However,
Darcy number has stabilizing effect and medium permeability has destabilizing effect
on the system in the absence of rotation.

(iii) The effects of rotation, Darcy number and medium permeability on thermal convec-
tion have also been shown graphically in figures 2,3 and 4 respectively.

(iv) The oscillatory modes introduced due to presence of viscoelasticity, rotation, gravity
field and medium permeability which were non-existent in their absence.
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Nomenclature
7 depth of fluid layer, m
F=v/d® . ................ dimensionless kinematic viscoelasticity
G=1(cp/g)B v, dimensionless compressibility
Po=ki/d* ................ dimensionless medium permeability
G e gravitational acceleration, ms~2
B gravitational acceleration vector
K1 oo medium permeability
Da = (fik1)/(ud?®) ........ modified Darcy number
Ta = ((2Qd*)/(cv))? ..... modified Taylor number
D o pressure, Pa
R=(gapBd")/(vk) ....... thermal Rayleigh number
P thermal Prandtl number
U e velocity of fluid, ms™!
koo wave number of disturbance,m-1
B adverse temperature gradient, Km™!
7 effective viscosity of the porous medium, kgm=!s~!
© o fluid density, kgm—3
I e fluid viscosity, kgm=1s™!
W fluid viscoelasticity, kgm=!s™!
Vo kinematic viscosity, m?s~!
Vo kinematic viscoelasticity, m?s~*
E e e medium porosity
O perturbation in respective physical quantity
O perturbation in temperature, K
Qo rotation vector having components (0,0,), ms—!
B et thermal diffusitivity, m?s~!
O i thermal coefficient of expansion, K1
oo z-component of vorticity
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