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HOMOGENEOUS NUCLEATION OF STEAM
IN CONVERGENT-DIVERGENT NOZZLE

Jan Halama*, Jaroslav Fořt*

The paper is aimed at a modeling of transonic flow of steam with pressure and tem-
perature range corresponding to conditions in steam turbines. A possibility of the
droplet size spectra reconstruction is discussed. Numerical results are compared to
experimental data for nozzle flow.
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1. Introduction

Expansion of steam in turbines leads to non-equilibrium condensation, i.e. condensation
starts when the steam temperature drops sufficiently below the saturation temperature. New
droplets form either from clusters of water molecules (homogeneous nucleation) or they are
created on some impurities (heterogeneous nucleation). Existing droplets grow or evapo-
rate according to the state of surrounding vapor. Droplets appearing due to homogenous
nucleation have sub-micron size and one can consider, that they are convected by the va-
por. Condensation reduces thermal efficiency of turbine, changes significantly shock wave
structure in the transonic flow field and can initiate pressure pulsations.

First numerical simulations of condensing steam flow appeared three decades ago, e.g. [1]
or [10]. They were based on the Eulerian-Lagrangian approach. Recent works rely on the
full Eulerian approach for mono-dispersed mixture, e.g. [5], [6] or [15]. Another authors,
e.g. [13] or [11] use the method of moments originally published in [8], which is able to
recognize the polydispersity of the mixture.

2. Flow model

Presented model is based on the work of [13]. The velocity of droplets is considered equal
to the velocity of vapor. The model consists of transport equations for mass, momentum
and energy of the mixture, mass fraction of liquid phase and moments for liquid phase.
Mass exchange between vapor and liquid is modeled by homogeneous nucleation and droplet
growth. We use three moments according to [8]

Q0 = N , Q1 =
N∑
i=1

ri , Q2 =
N∑
i=1

r2i , (1)

where N is the total number of droplets in unit mass and ri is the radius of i-th droplet.
The average droplet radius is taken as r20 =

√
Q2/Q0 according to [13]. The system of all
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transport equations for the case of one-dimensional flow with variable cross-sectional area
A(x) reads

∂

∂t

(
A(x)W

)
+

∂

∂x

(
A(x)F(W)

)
= P(W) +A(x)Q(W) , (2)

where

W =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ρ
ρ u
e
ρχ
ρQ2

ρQ1

ρQ0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, F =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ρu
ρ u2 + p
(e+ p)u
ρχu
ρQ2 u
ρQ1 u
ρQ0 u

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, P =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0
pA′(x)

0
0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, Q =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

4
3 π r

3
c J ρl + 4 π ρM2 ρl

r2c J + 2 ρM1

rc J + ρM0

J

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,

Mn =

∞∫
0

rnN(r) ṙ(r) dr .

The symbol ρ denotes the mixture density, u the mixture velocity, e the total energy of
mixture per unit volume, p the pressure of the mixture, χ the mass fraction of liquid phase
(wetness). The symbol J is used for the number of new droplets due to homogenous nucle-
ation in unit volume per one second. The radius of these droplets is equal to the critical
radius rc. The variable ρl denotes the density of liquid phase. The integral

∫ r2
r1
N(r) dr

equals to the number of droplets with the radius r ∈ 〈r1, r2〉 in the unit mass of mixture.
The function ṙ(r) describes the droplet growth speed. The system (2) is closed by addi-
tional equations (equation of state, material properties), for detail see [7]. The equation for
pressure under the perfect gas assumption reads

p =
(γ − 1) (1 − χ)
1 + χ (γ − 1)

[
e− 1

2
ρ u2 + ρχL

]
, (3)

where the pressure p is considered the same for both vapor and liquid and L denotes the
latent heat of condensation/evaporation. The specific heat ratio is taken as a function of
temperature γ(T ) = cp(T )/(cp(T )−Rv), where Rv denotes the gas constant for vapor, cp(T )
the specific heat at constant pressure and T the temperature of vapor. The system (2) turns
into the common single-phase flow model if χ = Q0 = Q1 = Q2 = 0. The original model
considers the droplet growth speed calculated from average radius r20, i.e.

Mn =

∞∫
0

rnN(r) ṙ(r20) dr = ṙ(r20)

∞∫
0

rnN(r) dr = ṙ(r20)Qi . (4)

This model is referred as AVG-P model. The modification, which is denoted as DSDF-P
model, considers the log-normal distribution defined by three moments Q0, Q1 and Q2

according to [9]

N(r) = Q0
1

r ln(σg)
√

2π
exp

(
− ln2 (r/rg)

2 ln2(σg)

)
, (5)

with

rg =
r20

exp(0.5 ln2(σg))
, σg = exp

√
ln(c2v + 1) , r20 =

√
Q2

Q0
, cv =

√
Q0Q2

Q2
1

− 1 . (6)
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Fig.1: Example of log-normal droplet size distribution

Fig.2: Solution domain – nozzle

3. Numerical solution

Consider a convergent-divergent nozzle, see the Fig. 1, with subsonic flow at the inlet
boundary Γi. Six parameters are set at Γi according to the 1D theory of characteristics of
linearized problem (total temperature T0, total pressure p0, wetness χ and moments Q0, Q1

and Q2). The flow is supersonic at the outlet boundary Γo, therefore according to the 1D
theory of characteristics for linearized problem one cannot prescribe any condition at Γo.

The numerical method has to cover very different time scales of convection, nucleation
and droplet growth. Numerical method is therefore based on the splitting method of [14].
The splitting method allows the use of different time discretization for individual phenomena.
The splitting method has three successive steps

∂

∂t
W∗ = Q(W∗) , (7)

∂

∂t

(
A(x)W∗∗) = − ∂

∂x

(
A(x)F(W∗∗)

)
+ P(W∗∗) , (8)

∂

∂t
W∗∗∗ = Q(W∗∗∗) , (9)

where the Eq. (7) is solved with initial data W∗(t) = W(t), the Eq. (8) with initial data
W∗∗(t) = W∗(t + Δt/2) and the Eq. (9) with initial data W∗∗∗(t) = W∗∗(t + Δt). The
value W∗∗∗(t+ Δt/2) approximates the solution W(t+ Δt) of the original system (2). The
single step of the Lax-Wendroff finite volume method is applied for the solution of (8) and
several steps of the Runge-Kutta method is used to solve (7) and (9).

4. Numerical results

Consider the Barschdorff nozzle [2], see the Fig. 2, discretized by 200 cells with the
spacing 1.4×10−3 in the convergent-divergent part. The inlet total pressure is 78390Pa,
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Fig.3: Pressure and wetness along nozzle axis, experimental data from [2]

Fig.4: Increments of number of droplets Q0(xi)−Q0(xi−1) and critical
radius rc within the nucleation zone in grid points xi

the inlet total temperature is 373.1K and the steam does not contain the liquid phase at
the inlet (i.e. Q0 = Q1 = Q2 = χ = 0). The Figure 3 shows the graphs of pressure
and wetness along the nozzle axis for both AVG-P flow model (droplet growth computed
using the average radius r20) and DSDF-P flow model (droplet growth computed using log-
normal distribution of droplet size). The Figure 4(a) shows how many droplets appears due
to homogenous nucleation in each grid point and the Figure 4(b) shows the size (critical
radius) of these new droplets. Nucleation takes place in a relatively small region and it
almost cancels the thermodynamic non-equilibrium, see the difference between wetness and
the equilibrium wetness in the Figure 3(b). Nucleation stops around x = 0.04 and the
condensation follows more-less the equilibrium case from that point. The nucleation releases
a non-negligible amount of the latent heat in a relatively small region, it yields the so called
nucleation shock, see the pressure rise around x = 0.03 in the Figure 3(a). Both models
yield nearly the same results for pressure and wetness distributions. However they differ
significantly in the composition of the droplet spectra. The DSDF-P model gives smaller
total amount of droplets Q0 at the nozzle outlet, see the Table 1. The DSDF-P model yields
slightly higher wetness, so the DSDF-P model predicts ’bigger droplets’. The average radius
r20 is not a good parameter to compare DSDF-P and AVG-P models from the point of the
average droplet size, see comparison of different droplet size averages in the Table 2, where
r10 is the linear average radius, r20 is the surface average radius, r30 is the volume average
radius and the r32 is the Sauter mean radius.
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Q0 Q1 Q2 χ

AVG-P model 9.45×1017 2.16×1010 515.28 0.0523

DSDF-P model 7.12×1017 0.72×1010 225.16 0.0527

Tab.1: Parameters of liquid phase at the nozzle outlet

r10 = Q1/Q0 r20 =
�

Q2/Q0 r30 = 3
�

Q3/Q0 r32 = r3
30/r2

20

AVG-P model 2.28 · 10−8 2.33 · 10−8 2.36 · 10−8 2.42 · 10−8

DSDF-P model 1.01 · 10−8 1.77 · 10−8 2.61 · 10−8 5.67 · 10−8

Tab.2: Different average radii of droplets at the nozzle outlet

5. Conclusions

Presented results show, that the model DSDF-P could be a good option for more detailed
modeling of droplet size spectra. The results also show, that one has to be very careful when
computing the average size of droplet. The original model AVG-P has the average size of
droplets nearly independent of definition, it means that AVG-P model yields nearly mono-
dispersed mixture. The average size of droplet for the DSDF-P model strongly depends on
the used definition.
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